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1.   

 

. Ɉɛɵɤɧɨɜɟɧɧɵɦ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɵɦ ɭɪɚɜɧɟɧɢɟɦ ɧɚɡɵ-

ɜɚɟɬɫɹ ɭɪɚɜɧɟɧɢɟ ɜɢɞɚ  

( )( , , ,..., ) 0nF x y y y′ = ,                                 (1)  

ɫɜɹɡɵɜɚɸɳɟɟ ɧɟɡɚɜɢɫɢɦɭɸ ɩɟɪɟɦɟɧɧɭɸ x , ɧɟɢɡɜɟɫɬɧɭɸ ɮɭɧɤɰɢɸ ( )y x  ɢ 

ɟɟ ɩɪɨɢɡɜɨɞɧɵɟ ɪɚɡɥɢɱɧɵɯ ɩɨɪɹɞɤɨɜ. 

 Ɏɭɧɤɰɢɹ ( )y x  ɩɪɟɞɩɨɥɚɝɚɟɬɫɹ ɡɚɞɚɧɧɨɣ ɧɚ ɧɟɤɨɬɨɪɨɦ ɩɪɨɦɟɠɭɬɤɟ 

(ɤɨɬɨɪɵɣ ɬɚɤɠɟ, ɤɚɤ ɩɪɚɜɢɥɨ, ɧɟ ɡɚɞɚɧ ɢɡɧɚɱɚɥɶɧɨ ɢ ɩɨɞɥɟɠɢɬ ɨɩɪɟɞɟɥɟ-

ɧɢɸ ɜɦɟɫɬɟ ɫ ( )y x ).  

 . ȼ ɨɬɥɢɱɢɟ ɨɬ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɵɯ ɭɪɚɜɧɟɧɢɣ ɜɢɞɚ (1), ɜ 

ɤɨɬɨɪɵɯ ɢɫɤɨɦɚɹ ɮɭɧɤɰɢɹ ɡɚɜɢɫɢɬ ɬɨɥɶɤɨ ɨɬ ɨɞɧɨɣ ɩɟɪɟɦɟɧɧɨɣ, ɭɪɚɜɧɟ-

ɧɢɹ, ɫɜɹɡɵɜɚɸɳɢɟ ɧɟɢɡɜɟɫɬɧɭɸ ɮɭɧɤɰɢɸ ɧɟɫɤɨɥɶɤɢɯ ɧɟɡɚɜɢɫɢɦɵɯ ɩɟɪɟ-

ɦɟɧɧɵɯ ɢ ɟɟ ɱɚɫɬɧɵɟ ɩɪɨɢɡɜɨɞɧɵɟ ɪɚɡɥɢɱɧɵɯ ɩɨɪɹɞɤɨɜ, ɧɚɡɵɜɚɸɬɫɹ ɭɪɚɜ-

ɧɟɧɢɹɦɢ ɜ ɱɚɫɬɧɵɯ ɩɪɨɢɡɜɨɞɧɵɯ, ɢɥɢ ɭɪɚɜɧɟɧɢɹɦɢ ɦɚɬɟɦɚɬɢɱɟɫɤɨɣ ɮɢɡɢ-

ɤɢ. 

 ɇɚɩɪɢɦɟɪ, ɭɪɚɜɧɟɧɢɟ ɬɟɩɥɨɩɪɨɜɨɞɧɨɫɬɢ ɨɩɢɫɵɜɚɟɬ ɢɡɦɟɧɟɧɢɟ ɬɟɦ-

ɩɟɪɚɬɭɪɵ ɬɟɥɚ ( , , , )u x y z t  ɜ ɤɚɠɞɨɣ ɟɝɨ ɬɨɱɤɟ ( ; ; )x y z  ɜ ɡɚɜɢɫɢɦɨɫɬɢ ɨɬ 

ɜɪɟɦɟɧɢ t : 

2 2 2
2

2 2 2

u u u u
a

t x y z

⎛ ⎞∂ ∂ ∂ ∂
= + +⎜ ⎟

∂ ∂ ∂ ∂⎝ ⎠
. 

  

ȼ ɞɚɥɶɧɟɣɲɟɦ, ɝɨɜɨɪɹ ɨ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɵɯ ɭɪɚɜɧɟɧɢɹɯ, ɦɵ ɛɭɞɟɦ 

ɢɦɟɬɶ ɜɜɢɞɭ ɨɛɵɤɧɨɜɟɧɧɵɟ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɵɟ ɭɪɚɜɧɟɧɢɹ. 

. ɉɨɪɹɞɤɨɦ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɨɝɨ ɭɪɚɜɧɟɧɢɹ ɧɚɡɵɜɚɟɬɫɹ 

ɩɨɪɹɞɨɤ ɫɬɚɪɲɟɣ ɩɪɨɢɡɜɨɞɧɨɣ, ɜɯɨɞɹɳɟɣ ɜ ɭɪɚɜɧɟɧɢɟ. 
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Ɍɚɤɢɦ ɨɛɪɚɡɨɦ ɭɪɚɜɧɟɧɢɟ (1) ɡɚɞɚɟɬ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɨɟ ɭɪɚɜɧɟɧɢɟ 

n -ɝɨ ɩɨɪɹɞɤɚ. 

ɇɚɩɨɦɧɢɦ, ɱɬɨ ɩɨɞ ɩɪɨɦɟɠɭɬɤɨɦ ,a b  ɩɨɧɢɦɚɟɬɫɹ ɥɸɛɨɣ ɢɡ ɜɨɡ-

ɦɨɠɧɵɯ ɩɪɨɦɟɠɭɬɤɨɜ, ɫɨɞɟɪɠɚɳɢɣ ɢɥɢ ɧɟ ɫɨɞɟɪɠɚɳɢɣ ɝɪɚɧɢɱɧɵɟ ɬɨɱɤɢ: 

[ , ], ( , ), ( , ], [ , )a b a b a b a b . 

. Ɋɟɲɟɧɢɟɦ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɨɝɨ ɭɪɚɜɧɟɧɢɹ (1)  ɧɚ ɩɪɨ-

ɦɟɠɭɬɤɟ ,a b  ɧɚɡɵɜɚɟɬɫɹ ɮɭɧɤɰɢɹ ( )y x , ɞɢɮɮɟɪɟɧɰɢɪɭɟɦɚɹ n  ɪɚɡ ɢ 

ɨɛɪɚɳɚɸɳɚɹ ɟɝɨ ɧɚ ,a b< >  ɜ ɬɨɠɞɟɫɬɜɨ (ɬɨ ɟɫɬɶ ɜ ɪɚɜɟɧɫɬɜɨ, ɜɟɪɧɨɟ ɩɪɢ 

ɜɫɟɯ ,x a b∈< > ). 

 

.  

(ɚ) 0xy y′ − =  — ɭɪɚɜɧɟɧɢɟ 1-ɝɨ ɩɨɪɹɞɤɚ; 

(ɛ) 
44 4 4 xy y y e′′ ′− + =  — ɭɪɚɜɧɟɧɢɟ 2-ɝɨ ɩɨɪɹɞɤɚ; 

(ɜ) (4) 24 0y − =  — ɭɪɚɜɧɟɧɢɟ 4-ɝɨ ɩɨɪɹɞɤɚ. 

ɇɟɬɪɭɞɧɨ ɩɪɨɜɟɪɢɬɶ (ɩɪɨɞɟɥɚɣɬɟ ɷɬɨ ɫɚɦɨɫɬɨɹɬɟɥɶɧɨ), ɱɬɨ ɞɥɹ ɭɪɚɜ-

ɧɟɧɢɹ (ɚ) ɪɟɲɟɧɢɹɦɢ ɧɚ ( , )−∞ +∞ , ɹɜɥɹɸɬɫɹ, ɜ ɱɚɫɬɧɨɫɬɢ, ɮɭɧɤɰɢɢ 

1 2 3, 3 , 2y x y x y x= = = − . Ⱦɥɹ ɭɪɚɜɧɟɧɢɹ (ɛ) ɪɟɲɟɧɢɹɦɢ ɩɪɢ ɜɫɟɯ 

ɜɟɳɟɫɬɜɟɧɧɵɯ x  ɹɜɥɹɸɬɫɹ ɮɭɧɤɰɢɢ 
4

1
xy e=  ɢ 

4
2 5 xy e= . Ⱦɥɹ ɭɪɚɜɧɟ-

ɧɢɹ (ɜ) ɜɫɹɤɚɹ ɮɭɧɤɰɢɹ ɜɢɞɚ 4y x C= + , ɝɞɟ C  — ɩɪɨɢɡɜɨɥɶɧɚɹ ɩɨɫɬɨ-

ɹɧɧɚɹ, ɹɜɥɹɟɬɫɹ ɪɟɲɟɧɢɟɦ ɧɚ ( , )−∞ +∞ . 

. Ƚɪɚɮɢɤ ɪɟɲɟɧɢɹ ( )y x  ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɨɝɨ ɭɪɚɜɧɟ-

ɧɢɹ ɧɚɡɵɜɚɟɬɫɹ ɢɧɬɟɝɪɚɥɶɧɨɣ ɤɪɢɜɨɣ. 

ɉɪɨɰɟɫɫ ɨɬɵɫɤɚɧɢɹ ɪɟɲɟɧɢɹ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɨɝɨ ɭɪɚɜɧɟɧɢɹ ɧɚɡɵɜɚ-

ɸɬ ɢɧɬɟɝɪɢɪɨɜɚɧɢɟɦ ɞɚɧɧɨɝɨ ɭɪɚɜɧɟɧɢɹ. 
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2.      

 . ɇɚɱɚɥɶɧɵɟ ɭɫɥɨɜɢɹ ɞɥɹ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɨɝɨ ɭɪɚɜɧɟ-

ɧɢɹ n-ɝɨ ɩɨɪɹɞɤɚ — ɷɬɨ ɧɚɛɨɪ ɱɢɫɟɥ 
( 1)

0 0 0 0( , , ,..., )nx y y y −′ ,                                   (2) 

ɡɚɞɚɸɳɢɣ ɞɥɹ ɮɢɤɫɢɪɨɜɚɧɧɨɝɨ ɡɧɚɱɟɧɢɹ ɧɟɡɚɜɢɫɢɦɨɣ ɩɟɪɟɦɟɧɧɨɣ 0x  ɡɧɚ-

ɱɟɧɢɹ ɧɟɢɡɜɟɫɬɧɨɣ ɮɭɧɤɰɢɢ 0 0( )y x y=  ɢ ɟɟ ɩɪɨɢɡɜɨɞɧɵɯ ɜɩɥɨɬɶ ɞɨ ɩɨ-

ɪɹɞɤɚ, ɧɚ ɟɞɢɧɢɰɭ ɦɟɧɶɲɟɝɨ ɩɨɪɹɞɤɚ ɭɪɚɜɧɟɧɢɹ: 
( 1) ( 1)

0 0 0 0( ) , ..., ( )n ny x y y x y− −′ ′= = . 

. Ɂɚɞɚɱɟɣ Ʉɨɲɢ ɞɥɹ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɨɝɨ ɭɪɚɜɧɟɧɢɹ ɧɚ-

ɡɵɜɚɟɬɫɹ ɡɚɞɚɱɚ ɨɬɵɫɤɚɧɢɹ ɪɟɲɟɧɢɹ ( )y x , ɨɬɜɟɱɚɸɳɟɝɨ ɡɚɞɚɧɧɵɦ ɧɚ-

ɱɚɥɶɧɵɦ ɭɫɥɨɜɢɹɦ. 

      -

 1-   

 Ⱦɥɹ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɨɝɨ ɭɪɚɜɧɟɧɢɹ 1-ɝɨ ɩɨɪɹɞɤɚ (ɩɪɢ 1n = ) ɧɚɱɚɥɶ-

ɧɵɟ ɭɫɥɨɜɢɹ (2) ɢɦɟɸɬ ɜɢɞ ɩɚɪɵ ɱɢɫɟɥ 0 0( , )x y . Ɍɟɦ ɫɚɦɵɦ ɫɬɚɜɢɬɫɹ ɡɚɞɚ-

ɱɚ ɨɬɵɫɤɚɧɢɹ ɪɟɲɟɧɢɹ ( )y x , ɞɥɹ ɤɨɬɨɪɨɝɨ 0 0( )y x y= . Ƚɟɨɦɟɬɪɢɱɟɫɤɢ ɷɬɨ 

ɨɡɧɚɱɚɟɬ ɜɵɛɨɪ ɢɡ ɫɨɜɨɤɭɩɧɨɫɬɢ ɢɧɬɟɝɪɚɥɶɧɵɯ ɤɪɢɜɵɯ ɬɨɣ, ɤɨɬɨɪɚɹ ɩɪɨ-

ɯɨɞɢɬ ɱɟɪɟɡ ɡɚɞɚɧɧɭɸ ɬɨɱɤɭ ɩɥɨɫɤɨɫɬɢ 0 0( ; )x y  (ɪɢɫ. 1). 

 

Ɋɢɫ. 1 

ɯ 

ɭ 

Ɉ ɯ0

ɭ0 

Ɇ0 
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      -

 2-   

 Ⱦɥɹ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɨɝɨ ɭɪɚɜɧɟɧɢɹ 2-ɝɨ ɩɨɪɹɞɤɚ (ɩɪɢ 2n = ) ɧɚ-

ɱɚɥɶɧɵɟ ɭɫɥɨɜɢɹ (2) ɢɦɟɸɬ ɜɢɞ ɬɪɨɣɤɢ ɱɢɫɟɥ 0 0 0( , , )x y y′ , ɢ ɫɬɚɜɢɬɫɹ ɡɚ-

ɞɚɱɚ ɨɬɵɫɤɚɧɢɹ ɪɟɲɟɧɢɹ ( )y x , ɞɥɹ ɤɨɬɨɪɨɝɨ 0 0( )y x y=  ɢ 0 0( )y x y′ ′= . 

Ƚɟɨɦɟɬɪɢɱɟɫɤɢ ɷɬɨ ɨɡɧɚɱɚɟɬ ɜɵɛɨɪ ɢɡ ɫɨɜɨɤɭɩɧɨɫɬɢ ɢɧɬɟɝɪɚɥɶɧɵɯ ɤɪɢɜɵɯ 

ɬɨɣ, ɤɨɬɨɪɚɹ, ɜɨ-ɩɟɪɜɵɯ, ɩɪɨɯɨɞɢɬ ɱɟɪɟɡ ɡɚɞɚɧɧɭɸ ɬɨɱɤɭ ɩɥɨɫɤɨɫɬɢ 

0 0( ; )x y , ɢ, ɜɨ-ɜɬɨɪɵɯ, ɢɦɟɟɬ ɜ ɷɬɨɣ ɬɨɱɤɟ ɡɚɞɚɧɧɵɣ ɭɝɥɨɜɨɣ ɤɨɷɮɮɢɰɢɟɧɬ 

ɤɚɫɚɬɟɥɶɧɨɣ 0tg φ y′=  (ɪɢɫ. 2). 

 

Ɋɢɫ. 2 

 

 

3.      

 ɇɚɱɚɥɶɧɵɟ ɭɫɥɨɜɢɹ ( 1)
0 0 0 0( , , ,..., )nx y y y −′ , ɛɭɞɭɱɢ ɧɚɛɨɪɨɦ ɢɡ 

1n +  ɱɢɫɟɥ, ɡɚɞɚɸɬ ɬɨɱɤɭ ɩɪɨɫɬɪɚɧɫɬɜɚ 1nR +
. Ɇɧɨɠɟɫɬɜɨ ɜɫɟɯ ɪɚɫɫɦɚɬ-

ɪɢɜɚɟɦɵɯ ɜɚɪɢɚɧɬɨɜ ɧɚɱɚɥɶɧɵɯ ɭɫɥɨɜɢɣ ɨɛɪɚɡɭɟɬ ɧɟɤɨɬɨɪɭɸ ɨɛɥɚɫɬɶ 
1nD R +⊂ . 

ɯ 

ɭ 

Ɉ ɯ0 

ɭ0 

φ 

Ɇ0 
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Ⱦɥɹ ɪɚɡɥɢɱɧɵɯ ɜɢɞɨɜ ɨɝɪɚɧɢɱɟɧɢɣ ɧɚ ɮɭɧɤɰɢɸ F  ɢ ɧɚ ɨɛɥɚɫɬɶ D  

ɢɦɟɟɬ ɦɟɫɬɨ ɫɭɳɟɫɬɜɨɜɚɧɢɟ ɢ ɟɞɢɧɫɬɜɟɧɧɨɫɬɶ ɪɟɲɟɧɢɹ ɡɚɞɚɱɢ Ʉɨɲɢ ɞɥɹ 

ɧɚɱɚɥɶɧɵɯ ɭɫɥɨɜɢɣ ɢɡ D . ɉɪɢɜɟɞɟɦ ɩɪɢɦɟɪɵ ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɯ ɬɟɨɪɟɦ. 

I. ɉɭɫɬɶ ɭɪɚɜɧɟɧɢɟ 1-ɝɨ ɩɨɪɹɞɤɚ ɹɜɥɹɟɬɫɹ ɪɚɡɪɟɲёɧɧɵɦ ɨɬɧɨɫɢɬɟɥɶɧɨ 

ɩɪɨɢɡɜɨɞɧɨɣ y′ : 

 ( , )y f x y′ = . 

 1. Еɫɥɢ ɮɭɧɤɰɢɹ f  ɢ ɟɟ ɱɚɫɬɧɚɹ ɩɪɨɢɡɜɨɞɧɚɹ yf ′  ɧɟɩɪɟ-

ɪɵɜɧɵ ɜ ɨɛɥɚɫɬɢ D  ɩɥɨɫɤɨɫɬɢ Oxy , ɬɨ ɪɟɲɟɧɢɟ ɡɚɞɚɱɢ Ʉɨɲɢ ɞɥɹ ɥɸɛɵɯ 

ɧɚɱɚɥɶɧɵɯ ɭɫɥɨɜɢɣ 0 0( , )x y D∈  ɫɭɳɟɫɬɜɭɟɬ ɢ ɟɞɢɧɫɬɜɟɧɧɨ ɜ ɧɟɤɨɬɨɪɨɣ 

ɨɤɪɟɫɬɧɨɫɬɢ ɬɨɱɤɢ 0x . 

 II. ɉɭɫɬɶ ɭɪɚɜɧɟɧɢɟ n -ɝɨ ɩɨɪɹɞɤɚ ɹɜɥɹɟɬɫɹ ɪɚɡɪɟɲёɧɧɵɦ ɨɬɧɨɫɢ-

ɬɟɥɶɧɨ ɫɬɚɪɲɟɣ ɩɪɨɢɡɜɨɞɧɨɣ 
( )ny : 

( )( ) ( 1), , ,...,n ny f x y y y= −′ . 

 2. Еɫɥɢ ɮɭɧɤɰɢɹ f  ɢ ɟɟ ɱɚɫɬɧɵɟ ɩɪɨɢɡɜɨɞɧɵɟ 

( 1), ,..., ny y y
f f f −′′ ′ ′  ɧɟɩɪɟɪɵɜɧɵ ɜ ɨɛɥɚɫɬɢ D  ( 1)n + -ɦɟɪɧɨɝɨ ɩɪɨ-

ɫɬɪɚɧɫɬɜɚ ( 1)... nOxyy y −′ , ɬɨ ɪɟɲɟɧɢɟ ɡɚɞɚɱɢ Ʉɨɲɢ ɞɥɹ ɥɸɛɵɯ ɧɚɱɚɥɶ-

ɧɵɯ ɭɫɥɨɜɢɣ ( 1)
0 0 0 0( , , ,..., )nx y y y D−′ ∈  ɫɭɳɟɫɬɜɭɟɬ ɢ ɟɞɢɧɫɬɜɟɧɧɨ ɜ 

ɧɟɤɨɬɨɪɨɣ ɨɤɪɟɫɬɧɨɫɬɢ ɬɨɱɤɢ ( 1)
0 0 0 0( , , ,..., )nx y y y D−′ ∈ . 

ȼ ɞɚɥɶɧɟɣɲɟɦ ɛɭɞɟɦ ɩɪɟɞɩɨɥɚɝɚɬɶ, ɱɬɨ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɵɟ ɭɪɚɜɧɟ-

ɧɢɹ ɪɚɫɫɦɚɬɪɢɜɚɸɬɫɹ ɜ ɨɛɥɚɫɬɢ D  ɫɭɳɟɫɬɜɨɜɚɧɢɹ ɢ ɟɞɢɧɫɬɜɟɧɧɨɫɬɢ ɪɟ-

ɲɟɧɢɹ. 

 . Ɉɛɳɢɦ ɪɟɲɟɧɢɟɦ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɨɝɨ ɭɪɚɜɧɟɧɢɹ n -

ɝɨ ɩɨɪɹɞɤɚ ɧɚɡɵɜɚɟɬɫɹ ɮɭɧɤɰɢɹ 1( , ,..., )ny f x C C= , ɡɚɜɢɫɹɳɚɹ ɨɬ ɚɪ-
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ɝɭɦɟɧɬɚ x  ɢ ɨɬ n  ɩɪɨɢɡɜɨɥɶɧɵɯ ɩɨɫɬɨɹɧɧɵɯ 1,..., nC C , ɤɨɬɨɪɚɹ ɭɞɨɜɥɟ-

ɬɜɨɪɹɟɬ ɞɜɭɦ ɭɫɥɨɜɢɹɦ: 

1) ɩɪɢ ɥɸɛɵɯ ɡɧɚɱɟɧɢɹɯ ɩɪɨɢɡɜɨɥɶɧɵɯ ɩɨɫɬɨɹɧɧɵɯ ɷɬɚ ɮɭɧɤɰɢɹ ɹɜ-

ɥɹɟɬɫɹ ɪɟɲɟɧɢɟɦ; 

2) ɡɚ ɫɱɟɬ ɜɵɛɨɪɚ ɡɧɚɱɟɧɢɣ ɩɪɨɢɡɜɨɥɶɧɵɯ ɩɨɫɬɨɹɧɧɵɯ ɦɨɠɧɨ ɩɨɥɭ-

ɱɢɬɶ ɪɟɲɟɧɢɟ ɡɚɞɚɱɢ Ʉɨɲɢ ɞɥɹ ɥɸɛɵɯ ɧɚɱɚɥɶɧɵɯ ɭɫɥɨɜɢɣ ɢɡ ɨɛɥɚɫɬɢ ɫɭ-

ɳɟɫɬɜɨɜɚɧɢɹ ɢ ɟɞɢɧɫɬɜɟɧɧɨɫɬɢ ɪɟɲɟɧɢɹ. 

Ɂɚɦɟɬɢɦ, ɱɬɨ ɤɨɥɢɱɟɫɬɜɨ ɩɪɨɢɡɜɨɥɶɧɵɯ ɩɨɫɬɨɹɧɧɵɯ ɪɚɜɧɨ ɩɨɪɹɞɤɭ 

ɭɪɚɜɧɟɧɢɹ. 

 . Чɚɫɬɧɵɦ  ɪɟɲɟɧɢɟɦ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɨɝɨ ɭɪɚɜɧɟɧɢɹ 

ɧɚɡɵɜɚɟɬɫɹ ɮɭɧɤɰɢɹ, ɤɨɬɨɪɚɹ ɩɨɥɭɱɚɟɬɫɹ ɢɡ ɨɛɳɟɝɨ ɪɟɲɟɧɢɹ, ɟɫɥɢ ɩɪɨɢɡ-

ɜɨɥɶɧɵɦ ɩɨɫɬɨɹɧɧɵɦ ɩɪɢɞɚɬɶ ɨɩɪɟɞɟɥɟɧɧɵɟ ɡɧɚɱɟɧɢɹ. 

 ɇɚɩɨɦɧɢɦ ɨɩɪɟɞɟɥɟɧɢɟ ɧɟɹɜɧɨɣ ɮɭɧɤɰɢɢ: ɮɭɧɤɰɢɹ ( )y f x=  ɜ ɨɤ-

ɪɟɫɬɧɨɫɬɢ U  ɬɨɱɤɢ 0x , ɡɚɞɚɧɚ ɧɟɹɜɧɨ ɭɪɚɜɧɟɧɢɟɦ ( , ) 0x yΦ = , ɟɫɥɢ ɩɪɢ 

ɜɫɟɯ x  ɢɡ ɷɬɨɣ ɨɤɪɟɫɬɧɨɫɬɢ ɫɩɪɚɜɟɞɥɢɜɨ ɪɚɜɟɧɫɬɜɨ ( , ( )) 0x f xΦ = .  

Ɉɛɵɱɧɨɟ, «ɹɜɧɨɟ» ɡɚɞɚɧɢɟ ɮɭɧɤɰɢɢ ɦɨɠɧɨ ɪɚɫɫɦɚɬɪɢɜɚɬɶ ɤɚɤ ɱɚɫɬɧɵɣ 

ɫɥɭɱɚɣ ɧɟɹɜɧɨɝɨ: sin sin 0y x y x= ⇔ − = ; ɡɞɟɫɶ ( , ) sinx y y xΦ = − . 

 . Ɉɛɳɢɦ ɢɧɬɟɝɪɚɥɨɦ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɨɝɨ ɭɪɚɜɧɟɧɢɹ 

n -ɝɨ ɩɨɪɹɞɤɚ ɧɚɡɵɜɚɟɬɫɹ ɭɪɚɜɧɟɧɢɟ 

1( , , ,..., ) 0nx y C CΦ = ,                                    (3) 

ɡɚɜɢɫɹɳɟɟ ɨɬ n  ɩɪɨɢɡɜɨɥɶɧɵɯ ɩɨɫɬɨɹɧɧɵɯ 1,..., nC C , ɤɨɬɨɪɨɟ ɡɚɞɚɟɬ ɨɛ-

ɳɟɟ ɪɟɲɟɧɢɟ 1( , ,..., )ny f x C C=  ɤɚɤ ɧɟɹɜɧɭɸ ɮɭɧɤɰɢɸ. 

 . Чɚɫɬɧɵɦ ɢɧɬɟɝɪɚɥɨɦ ɧɚɡɵɜɚɟɬɫɹ ɭɪɚɜɧɟɧɢɟ, ɤɨɬɨɪɨɟ 

ɩɨɥɭɱɚɟɬɫɹ ɢɡ ɨɛɳɟɝɨ ɢɧɬɟɝɪɚɥɚ (3), ɟɫɥɢ ɩɪɨɢɡɜɨɥɶɧɵɦ ɩɨɫɬɨɹɧɧɵɦ ɩɪɢ-

ɞɚɬɶ ɨɩɪɟɞɟɥɟɧɧɵɟ ɡɧɚɱɟɧɢɹ. 

 . ȼ ɬɟɯ ɫɥɭɱɚɹɯ, ɤɨɝɞɚ ɭɞɚɟɬɫɹ ɧɚɣɬɢ ɪɟɲɟɧɢɟ ɞɢɮɮɟɪɟɧ-

ɰɢɚɥɶɧɨɝɨ ɭɪɚɜɧɟɧɢɹ, ɨɧɨ ɢɦɟɟɬ, ɤɚɤ ɩɪɚɜɢɥɨ, ɜɢɞ ɨɛɳɟɝɨ ɢɧɬɟɝɪɚɥɚ (3). 
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ȿɫɥɢ ɩɪɢ ɷɬɨɦ ɦɨɠɧɨ y  ɹɜɧɨ ɜɵɪɚɡɢɬɶ ɱɟɪɟɡ 1, ,..., nx C C  («ɪɚɡɪɟɲɢɬɶ 

ɭɪɚɜɧɟɧɢɟ ɨɬɧɨɫɢɬɟɥɶɧɨ y »), ɬɨ ɩɪɢɯɨɞɢɦ ɤ ɨɛɳɟɦɭ ɪɟɲɟɧɢɸ. 

 

4.    

 . Уɪɚɜɧɟɧɢɟɦ ɫ ɪɚɡɞɟɥɟɧɧɵɦɢ ɩɟɪɟɦɟɧɧɵɦɢ ɧɚɡɵɜɚɟɬɫɹ 

ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɨɟ ɭɪɚɜɧɟɧɢɟ ɩɟɪɜɨɝɨ ɩɨɪɹɞɤɚ ɜɢɞɚ 

( ) ( )g y y h x′ = ,                                         (4) 

ɫ ɧɟɩɪɟɪɵɜɧɵɦɢ ɮɭɧɤɰɢɹɦɢ g  ɢ h  

 ɋɦɵɫɥ ɷɬɨɝɨ ɬɟɪɦɢɧɚ ɡɚɤɥɸɱɚɟɬɫɹ ɜ ɬɨɦ, ɱɬɨ ɩɟɪɟɦɟɧɧɵɟ y  ɢ x  

ɪɚɡɞɟɥɟɧɵ ɩɨ ɪɚɡɧɵɦ ɱɚɫɬɹɦ ɪɚɜɟɧɫɬɜɚ (4). 

ɇɚɩɨɦɧɢɦ, ɱɬɨ, ɫɨɝɥɚɫɧɨ ɨɩɪɟɞɟɥɟɧɢɸ, ɞɢɮɮɟɪɟɧɰɢɚɥ ɮɭɧɤɰɢɢ ( )y x  

ɟɫɬɶ ɩɪɨɢɡɜɟɞɟɧɢɟ ɩɪɨɢɡɜɨɞɧɨɣ ɧɚ ɞɢɮɮɟɪɟɧɰɢɚɥ ɧɟɡɚɜɢɫɢɦɨɣ ɩɟɪɟɦɟɧ-

ɧɨɣ: dy y dx′= . ȿɫɥɢ ɭɦɧɨɠɢɬɶ ɨɛɟ ɱɚɫɬɢ ɪɚɜɟɧɫɬɜɚ (4) ɧɚ dx , ɩɨɥɭɱɢɦ: 

( ) ( )g y dy h x dx= .                                         (5) 

ɗɬɨ ɞɪɭɝɨɣ, ɛɨɥɟɟ ɬɪɚɞɢɰɢɨɧɧɵɣ ɫɩɨɫɨɛ ɡɚɩɢɫɢ ɭɪɚɜɧɟɧɢɹ ɫ ɪɚɡɞɟɥɟɧɧɵɦɢ 

ɩɟɪɟɦɟɧɧɵɦɢ. 

 . ȿɫɥɢ ɜ ɭɪɚɜɧɟɧɢɢ (5) ɮɭɧɤɰɢɢ ( )g y  ɢ ( )h x  ɢɦɟɸɬ ɩɟɪ-

ɜɨɨɛɪɚɡɧɵɟ ( )G y  ɢ ( )H x , ɬɨ ɨɛɳɢɣ ɢɧɬɟɝɪɚɥ ɭɪɚɜɧɟɧɢɹ ɢɦɟɟɬ ɜɢɞ: 

( ) ( )G y H x C= + ,                                       (6) 

ɝɞɟ C  — ɩɪɨɢɡɜɨɥɶɧɚɹ ɩɨɫɬɨɹɧɧɚɹ. 

 . ȿɫɥɢ ɞɥɹ ɨɛɨɡɧɚɱɟɧɢɹ ɩɟɪɜɨɨɛɪɚɡɧɵɯ ɢɫɩɨɥɶɡɨɜɚɬɶ ɫɢɦ-

ɜɨɥ ɧɟɨɩɪɟɞɟɥɟɧɧɨɝɨ ɢɧɬɟɝɪɚɥɚ, ɬɨ ɨɛɳɢɣ ɢɧɬɟɝɪɚɥ ɡɚɩɢɫɵɜɚɟɬɫɹ ɜ ɜɢɞɟ: 

( ) ( )g y dy h x dx C= +∫ ∫ .                               (7) 

. Ɉɩɭɫɤɚɹ ɞɨɤɚɡɚɬɟɥɶɫɬɜɨ ɬɨɝɨ, ɱɬɨ ɭɪɚɜɧɟɧɢɟ (6) 

ɞɟɣɫɬɜɢɬɟɥɶɧɨ ɡɚɞɚɟɬ ɧɟɹɜɧɭɸ ɮɭɧɤɰɢɸ ( )y x , ɭɛɟɞɢɦɫɹ, ɱɬɨ ( )y x  ɭɞɨɜ-
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ɥɟɬɜɨɪɹɟɬ ɭɪɚɜɧɟɧɢɸ (4). Ⱦɥɹ ɷɬɨɝɨ ɩɪɨɞɢɮɮɟɪɟɧɰɢɪɭɟɦ ɩɨ x  ɪɚɜɟɧɫɬɜɨ 

(6), ɩɪɢɦɟɧɹɹ ɞɥɹ ɥɟɜɨɣ ɱɚɫɬɢ ɩɪɚɜɢɥɨ ɩɪɨɢɡɜɨɞɧɨɣ ɫɥɨɠɧɨɣ ɮɭɧɤɰɢɢ ɫ 

ɩɪɨɦɟɠɭɬɨɱɧɨɣ ɩɟɪɟɦɟɧɧɨɣ y : 

( ) ( ) ( )G y y x H x′ ′ ′= , 

ɢɥɢ, ɭɱɢɬɵɜɚɹ, ɱɬɨ G  ɢ H  ɩɟɪɜɨɨɛɪɚɡɧɵɟ ɞɥɹ g  ɢ h : 

( ) ( )g y y h x′ = . 

 Ɉɫɬɚɟɬɫɹ ɭɛɟɞɢɬɶɫɹ, ɱɬɨ ɡɚ ɫɱɟɬ ɜɵɛɨɪɚ ɡɧɚɱɟɧɢɹ ɩɪɨɢɡɜɨɥɶɧɨɣ ɩɨ-

ɫɬɨɹɧɧɨɣ C  ɦɨɠɧɨ ɨɛɟɫɩɟɱɢɬɶ ɜɵɩɨɥɧɟɧɢɟ ɥɸɛɵɯ ɧɚɱɚɥɶɧɵɯ ɭɫɥɨɜɢɣ 

0 0( )y x y= . ɉɨɞɫɬɚɜɥɹɹ ɧɚɱɚɥɶɧɵɟ ɭɫɥɨɜɢɹ ɜ (6), ɩɨɥɭɱɚɟɦ: 

0 0 0 0( ) ( ) ( ) ( )G y H x C C G y H x= + ⇒ = − .  ▄ 

 . 1. Ⱦɥɹ ɭɪɚɜɧɟɧɢɹ 2cos 3ydy x dx=  ɧɚɣɞɟɦ ɨɛɳɢɣ ɢɧ-

ɬɟɝɪɚɥ ɢ ɱɚɫɬɧɵɣ ɢɧɬɟɝɪɚɥ ɞɥɹ ɧɚɱɚɥɶɧɵɯ ɭɫɥɨɜɢɣ 0 00;
2

x y
π⎛ ⎞

= =⎜ ⎟
⎝ ⎠

. 

ɂɦɟɟɦ: 

2cos 3 ;ydy x dx C= +∫ ∫   
3sin y x C= +  

— ɷɬɨ ɨɛɳɢɣ ɢɧɬɟɝɪɚɥ. 

ɉɨɞɫɬɚɜɢɦ ɬɟɩɟɪɶ ɜ ɨɛɳɢɣ ɢɧɬɟɝɪɚɥ ɧɚɱɚɥɶɧɵɟ ɭɫɥɨɜɢɹ ɢ ɧɚɣɞɟɦ 

ɫɨɨɬɜɟɬɫɬɜɭɸɳɟɟ ɡɧɚɱɟɧɢɟ ɤɨɧɫɬɚɧɬɵ C : 

3sin 0 1
2

C C
π

= + ⇔ = . 

ɋɥɟɞɨɜɚɬɟɥɶɧɨ, ɱɚɫɬɧɵɣ ɢɧɬɟɝɪɚɥ, ɞɚɸɳɢɣ ɪɟɲɟɧɢɟ ɡɚɞɚɱɢ Ʉɨɲɢ, ɢɦɟɟɬ 

ɜɢɞ: 
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 2. Ɋɚɫɫɦɨɬɪɢɦ ɭɪɚɜɧɟɧɢɟ 4 1
5y y

x
′ =  ɫ ɧɚɱɚɥɶɧɵɦɢ ɭɫɥɨɜɢɹɦɢ 

( )0 0; 0x e y= = . ɍɦɧɨɠɚɹ ɨɛɟ ɱɚɫɬɢ ɭɪɚɜɧɟɧɢɹ ɧɚ dx  ɢ ɡɚɬɟɦ ɢɧɬɟɝɪɢ-

ɪɭɹ, ɩɨɥɭɱɚɟɦ: 

4 4 41 1 1
5 5 5y y dx dx y dy dx y dy dx C

x x x
′ = ⇔ = ⇔ = + ⇔∫ ∫  

5 lny x C= +  — ɷɬɨ ɨɛɳɢɣ ɢɧɬɟɝɪɚɥ. ȼɵɪɚɠɚɹ ɨɬɫɸɞɚ ɹɜɧɨ y  ɱɟɪɟɡ x  

ɢ C , ɩɨɥɭɱɚɟɦ ɨɛɳɟɟ ɪɟɲɟɧɢɟ: ( )
1

5lny x C= + . ɉɨɞɫɬɚɧɨɜɤɚ ɧɚɱɚɥɶ-

ɧɵɯ ɭɫɥɨɜɢɣ ɜ ɨɛɳɟɟ ɪɟɲɟɧɢɟ ɞɚɟɬ: ( )
1

50 ln e C= + , ɬɚɤ ɱɬɨ 1C = − . 

ɋɥɟɞɨɜɚɬɟɥɶɧɨ, ɮɭɧɤɰɢɹ ( )
1

5ln 1y x= −  ɹɜɥɹɟɬɫɹ ɪɟɲɟɧɢɟɦ ɡɚɞɚɱɢ Ʉɨ-

ɲɢ. 

 

 . Уɪɚɜɧɟɧɢɟɦ ɫ ɪɚɡɞɟɥɹɸɳɢɦɢɫɹ ɩɟɪɟɦɟɧɧɵɦɢ ɧɚɡɵɜɚ-

ɟɬɫɹ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɨɟ ɭɪɚɜɧɟɧɢɟ ɩɟɪɜɨɝɨ ɩɨɪɹɞɤɚ ɜɢɞɚ 

1 1 2 2( ) ( ) ( ) ( )g y h x dy g y h x dx= ,                         (8) 

ɫ ɧɟɩɪɟɪɵɜɧɵɦɢ ɮɭɧɤɰɢɹɦɢ 1 2 1 2, , ,g g h h . 

 ȼ ɷɬɨɦ ɭɪɚɜɧɟɧɢɢ ɤɚɠɞɚɹ ɢɡ ɱɚɫɬɟɣ ɹɜɥɹɟɬɫɹ ɩɪɨɢɡɜɟɞɟɧɢɟɦ ɞɜɭɯ 

ɦɧɨɠɢɬɟɥɟɣ, ɨɞɢɧ ɢɡ ɤɨɬɨɪɵɯ ɡɚɜɢɫɢɬ ɬɨɥɶɤɨ ɨɬ y, ɚ ɞɪɭɝɨɣ – ɬɨɥɶɤɨ ɨɬ x. 

 Ɉɬ ɷɬɨɝɨ ɭɪɚɜɧɟɧɢɹ ɥɟɝɤɨ ɩɟɪɟɣɬɢ ɤ ɭɪɚɜɧɟɧɢɸ ɫ ɪɚɡɞɟɥɟɧɧɵɦɢ ɩɟ-

ɪɟɦɟɧɧɵɦɢ, ɞɟɥɹ ɨɛɟ ɱɚɫɬɢ ɧɚ ɩɪɨɢɡɜɟɞɟɧɢɟ 2 1( ) ( ) 0g y h x ≠  («ɪɚɡɞɟɥɹɹ 

ɩɟɪɟɦɟɧɧɵɟ»): 

1 2

2 1

( ) ( )

( ) ( )

g y h x
dy dx

g y h x
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. 1. 
2ln

2 xy
dy ye dx

x
= . Ɉɛɟ ɱɚɫɬɢ ɪɚɡɞɟɥɢɦ ɧɚ y ɢ ɭɦ-

ɧɨɠɢɦ ɧɚ x: 
2ln

2 xy
dy xe dx

y
= . ɂɧɬɟɝɪɢɪɭɟɦ: 

2ln
2 xy

dy xe dx
y

= ⇔∫ ∫
( ) 2

2
ln

2

xy
e C⇔ +  

— ɨɛɳɢɣ ɢɧɬɟɝɪɚɥ. 

 2. 
2arctg (1 )y y y′⋅ = + ; ɧɚɱɚɥɶɧɵɟ ɭɫɥɨɜɢɹ: 1

4
y

π⎛ ⎞
=⎜ ⎟

⎝ ⎠
. Ɂɚɩɢ-

ɫɵɜɚɟɦ ɩɪɨɢɡɜɨɞɧɭɸ y′  ɤɚɤ ɨɬɧɨɲɟɧɢɟ ɞɢɮɮɟɪɟɧɰɢɚɥɨɜ: 

2arctg 1
dy

y y
dx

= + . 

Ɉɛɟ ɱɚɫɬɢ ɭɦɧɨɠɢɦ ɧɚ dx , ɪɚɡɞɟɥɢɦ ɧɚ 21 y+  ɢ ɩɪɨɢɧɬɟɝɪɢɪɭɟɦ: 

2

2

arctg arctg

21

y dy y
dx x C

y
= ⇔ = +

+∫ ∫  

— ɨɛɳɢɣ ɢɧɬɟɝɪɚɥ. ɇɚɣɞɟɦ ɬɟɩɟɪɶ ɱɚɫɬɧɵɣ ɢɧɬɟɝɪɚɥ, ɭɞɨɜɥɟɬɜɨɪɹɸɳɢɣ 

ɧɚɱɚɥɶɧɵɦ ɭɫɥɨɜɢɹɦ. ɉɨɞɫɬɚɜɥɹɹ ɧɚɱɚɥɶɧɵɟ ɭɫɥɨɜɢɹ ɜ ɩɨɥɭɱɟɧɧɨɟ ɭɪɚɜ-

ɧɟɧɢɟ, ɢɦɟɟɦ: 

2

32 4
C

π π
= + ;  

2

32 4
C

π π
= − . 

ɋɥɟɞɨɜɚɬɟɥɶɧɨ, ɱɚɫɬɧɵɣ ɢɧɬɟɝɪɚɥ, ɞɚɸɳɢɣ ɪɟɲɟɧɢɟ ɡɚɞɚɱɢ Ʉɨɲɢ, ɢɦɟɟɬ 

ɜɢɞ: 

2 2arctg

2 32 4

y
x

π π
= + − . 
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5.     

 . Ɉɞɧɨɪɨɞɧɵɦ ɭɪɚɜɧɟɧɢɟɦ ɩɟɪɜɨɝɨ ɩɨɪɹɞɤɚ ɧɚɡɵɜɚɟɬɫɹ 

ɭɪɚɜɧɟɧɢɟ, ɪɚɡɪɟɲɟɧɧɨɟ ɨɬɧɨɫɢɬɟɥɶɧɨ ɩɪɨɢɡɜɨɞɧɨɣ: 

( , )y f x y′ = ,                                          (9) 

ɜ ɤɨɬɨɪɨɦ ɮɭɧɤɰɢɹ f  ɩɪɢ ɜɫɟɯ ɜɟɳɟɫɬɜɟɧɧɵɯ 0λ ≠  ɭɞɨɜɥɟɬɜɨɪɹɟɬ ɭɫɥɨ-

ɜɢɸ: 

( , ) ( , )f x y f x yλ λ= . 

 ɉɨɥɚɝɚɹ ɜ ɷɬɨɦ ɪɚɜɟɧɫɬɜɟ 
1

x
λ = , ɭɛɟɠɞɚɟɦɫɹ, ɱɬɨ ɩɪɚɜɚɹ ɱɚɫɬɶ ɡɚ-

ɜɢɫɢɬ ɬɨɥɶɤɨ ɨɬ ɨɬɧɨɲɟɧɢɹ ɩɟɪɟɦɟɧɧɵɯ 
y

x
: ( , ) 1,

y
f x y f

x

⎛ ⎞
= ⎜ ⎟

⎝ ⎠
. 

 ɉɪɢɜɟɞɟɦ ɩɪɢɦɟɪɵ ɬɚɤɢɯ ɮɭɧɤɰɢɣ: 

 1) 

2 2

2
( , )

x y
f x y

y

+
= ;   2) ( , )

x y

x yf x y e

+

−= .  ɇɚɩɪɨɬɢɜ, ɮɭɧɤ-

ɰɢɹ  
2 3

2
( , )

x y
f x y

y

+
= , ɤɚɤ ɥɟɝɤɨ ɩɪɨɜɟɪɢɬɶ, ɧɟ ɭɞɨɜɥɟɬɜɨɪɹɟɬ ɭɫɥɨɜɢɸ 

( , ) ( , )f x y f x yλ λ= . 

 ȼɜɟɞɟɦ ɧɨɜɭɸ ɢɫɤɨɦɭɸ ɮɭɧɤɰɢɸ 
( )

( )
y x

u x
x

= , ɬɚɤ ɱɬɨ 

( ) ( )y x u x x= . Ɍɨɝɞɚ ɮɨɪɦɭɥɚ ɞɥɹ ɩɪɨɢɡɜɨɞɧɨɣ ɩɪɨɢɡɜɟɞɟɧɢɹ ɞɚɟɬ: 

y u x u′ ′= + ,  ɢ ɭɪɚɜɧɟɧɢɟ (9) ɩɪɢɧɢɦɚɟɬ ɜɢɞ: 

(1, ) (1, )
(1, )

du
u x u f u u f u u dx

f u u
′ ′+ = ⇔ = − ⇔ =

−
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— ɭɪɚɜɧɟɧɢɟ ɫ ɪɚɡɞɟɥɹɸɳɢɦɢɫɹ ɩɟɪɟɦɟɧɧɵɦɢ ɨɬɧɨɫɢɬɟɥɶɧɨ ɧɨɜɨɣ ɢɫɤɨ-

ɦɨɣ ɮɭɧɤɰɢɢ ( )u x . ȿɫɥɢ ɞɥɹ ɧɟɝɨ ɧɚɣɞɟɧ ɨɛɳɢɣ ɢɧɬɟɝɪɚɥ (ɦɟɬɨɞɨɦ, ɨɩɢ-

ɫɚɧɧɵɦ ɜ ɩɪɟɞɵɞɭɳɟɦ ɪɚɡɞɟɥɟ): 

( , , ) 0x u CΦ = , 

ɬɨ, ɡɚɦɟɧɹɹ ɜ ɧɟɦ y  ɧɚ 
y

x
, ɩɨɥɭɱɢɦ ɨɛɳɢɣ ɢɧɬɟɝɪɚɥ ɞɥɹ ɢɫɯɨɞɧɨɣ ɧɟɢɡ-

ɜɟɫɬɧɨɣ ɮɭɧɤɰɢɢ ( )y x : 

, , 0
y

x C
x

⎛ ⎞
Φ =⎜ ⎟
⎝ ⎠

. 

 Ⱥɥɝɨɪɢɬɦ ɪɟɲɟɧɢɹ ɨɞɧɨɪɨɞɧɨɝɨ ɭɪɚɜɧɟɧɢɹ ɩɟɪɜɨɝɨ ɩɨɪɹɞɤɚ: 

1. ɉɪɨɜɟɪɤɚ ɨɞɧɨɪɨɞɧɨɫɬɢ: ( , ) ( , )f x y f x yλ λ= . 

2. ȼɜɟɞɟɧɢɟ ɧɨɜɨɣ ɢɫɤɨɦɨɣ ɮɭɧɤɰɢɢ 
( )

( )
y x

u x
x

= . 

3. Ɂɚɦɟɧɚ ɜ ɭɪɚɜɧɟɧɢɢ y  ɧɚ ux , y′  ɧɚ u x u′ + . 

4. Ɋɟɲɟɧɢɟ ɩɨɥɭɱɟɧɧɨɝɨ ɭɪɚɜɧɟɧɢɹ ɫ ɪɚɡɞɟɥɹɸɳɢɦɢɫɹ ɩɟɪɟɦɟɧɧɵɦɢ ɨɬɧɨ-

ɫɢɬɟɥɶɧɨ u . 

5. Ɂɚɦɟɧɚ ɜ ɩɨɥɭɱɟɧɧɨɦ ɨɛɳɟɦ ɢɧɬɟɝɪɚɥɟ u  ɧɚ 
y

x
. 

. Ɋɟɲɢɦ ɭɪɚɜɧɟɧɢɟ 1
y

y
x

′ = + . Ɂɞɟɫɶ 

( , ) 1 , ( , ) 1 1 ( , )
y y y

f x y f x y f x y
x x x

λ
λ λ

λ
= + = + = + = , ɬɚɤ ɱɬɨ 

ɭɪɚɜɧɟɧɢɟ, ɞɟɣɫɬɜɢɬɟɥɶɧɨ, ɹɜɥɹɟɬɫɹ ɨɞɧɨɪɨɞɧɵɦ. ɉɨɫɥɟ ɜɜɟɞɟɧɢɹ ɧɨɜɨɣ 

ɩɟɪɟɦɟɧɧɨɣ u  ɩɨɥɭɱɚɟɦ ɭɪɚɜɧɟɧɢɟ: 

1 1
du dx

u x u u x du
dx x

′ + = + ⇔ = ⇔ = ⇔  ГУ
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ln
dx

du u x C
x

= ⇔ = +∫ ∫ . 

Ɂɚɦɟɧɹɹ u  ɧɚ 
y

x
, ɩɨɥɭɱɚɟɦ ɨɛɳɢɣ ɢɧɬɟɝɪɚɥ ɞɥɹ ɢɫɯɨɞɧɨɣ ɧɟɢɡɜɟɫɬ-

ɧɨɣ ɮɭɧɤɰɢɢ y :   ln
y

x C
x

= + . 

 

6.     

. Ʌɢɧɟɣɧɵɦ ɭɪɚɜɧɟɧɢɟɦ ɩɟɪɜɨɝɨ ɩɨɪɹɞɤɚ ɧɚɡɵɜɚɟɬɫɹ 

ɭɪɚɜɧɟɧɢɟ ɜɢɞɚ: ( ) ( )y p x y q x′ + =  ɫ ɧɟɩɪɟɪɵɜɧɵɦɢ ɮɭɧɤɰɢɹɦɢ p  ɢ 

q . 

Ȼɭɞɟɦ ɢɫɤɚɬɶ ɨɛɳɟɟ ɪɟɲɟɧɢɟ ɦɟɬɨɞɨɦ ɂ.Ȼɟɪɧɭɥɥɢ ɜ ɜɢɞɟ ɩɪɨɢɡɜɟ-

ɞɟɧɢɹ ɞɜɭɯ ɧɨɜɵɯ ɧɟɢɡɜɟɫɬɧɵɯ ɮɭɧɤɰɢɣ: ( ) ( ) ( )y x u x v x= , ɱɬɨ ɞɚɟɬ ɨɩ-

ɪɟɞɟɥɟɧɧɭɸ ɫɜɨɛɨɞɭ ɜ ɜɵɛɨɪɟ ɨɞɧɨɝɨ ɢɡ ɦɧɨɠɢɬɟɥɟɣ, ɩɨɡɜɨɥɹɹ ɩɪɢɞɚɬɶ 

ɟɦɭ ɧɟɨɛɯɨɞɢɦɵɣ ɞɥɹ ɞɚɥɶɧɟɣɲɟɝɨ ɜɢɞ. Ɍɨɝɞɚ y u v uv′ ′ ′= + . ɉɨɞɫɬɚɜ-

ɥɹɹ ɷɬɢ ɜɵɪɚɠɟɧɢɹ ɜ ɢɫɯɨɞɧɨɟ ɭɪɚɜɧɟɧɢɟ, ɩɨɥɭɱɢɦ: 

( ) ( )u v uv p x uv q x′ ′+ + = . 

Ƚɪɭɩɩɢɪɭɹ ɫɥɚɝɚɟɦɵɟ ɫ u , ɩɨɥɭɱɚɟɦ: [ ( ) ] ( )u v u v p x v q x′ ′+ + = . 

ɉɨɬɪɟɛɭɟɦ ɨɬ ɮɭɧɤɰɢɢ v , ɱɬɨɛɵ ɦɧɨɠɢɬɟɥɶ ɜ ɤɜɚɞɪɚɬɧɵɯ ɫɤɨɛɤɚɯ ɩɪɢ u  

ɬɨɠɞɟɫɬɜɟɧɧɨ ɨɛɪɚɳɚɥɫɹ ɜ ɧɭɥɶ: 

( ) 0v p x v′ + =                                             (10) 

ɍɪɚɜɧɟɧɢɟ (10) ɹɜɥɹɟɬɫɹ ɭɪɚɜɧɟɧɢɟɦ ɫ ɪɚɡɞɟɥɹɸɳɢɦɢɫɹ ɩɟɪɟɦɟɧɧɵ-

ɦɢ. ɇɚɣɞɟɦ ɟɝɨ ɱɚɫɬɧɨɟ ɪɟɲɟɧɢɟ v  (ɛɟɡ ɩɪɨɢɡɜɨɥɶɧɨɣ ɩɨɫɬɨɹɧɧɨɣ): 

(10) ( ) ( )
dv dv

p x v p x dx
dx v

⇔ = − ⇔ = − . 

ɂɧɬɟɝɪɢɪɭɟɦ ɨɛɟ ɱɚɫɬɢ: 
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( )
dv

p x dx
v

= −∫ ∫ ;  ln ( )v p x dx= −∫ ;  
( )p x dx

v e
−∫= ; 

ɜɵɛɢɪɚɟɦ ɜ ɤɚɱɟɫɬɜɟ ɱɚɫɬɧɨɝɨ ɪɟɲɟɧɢɹ ɮɭɧɤɰɢɸ 
( )p x dx

v e
−∫=  (ɡɞɟɫɶ ɫɢɦ-

ɜɨɥɨɦ ɧɟɨɩɪɟɞɟɥɟɧɧɨɝɨ ɢɧɬɟɝɪɚɥɚ ɨɛɨɡɧɚɱɟɧɚ ɤɚɤɚɹ-ɥɢɛɨ ɩɟɪɜɨɨɛɪɚɡɧɚɹ 

ɮɭɧɤɰɢɢ p ). 

 Ɍɟɩɟɪɶ ɩɨɞɫɬɚɧɨɜɤɚ ɧɚɣɞɟɧɧɨɣ ɮɭɧɤɰɢɢ v  ɜ (10) ɞɚɟɬ ɭɪɚɜɧɟɧɢɟ ɫ 

ɪɚɡɞɟɥɹɸɳɢɦɢɫɹ ɩɟɪɟɦɟɧɧɵɦɢ ɨɬɧɨɫɢɬɟɥɶɧɨ u : 

( )
( ) ( )

( )

du q x
u v q x v q x du dx

dx v x
′ = ⇔ = ⇔ = ⇔  

( ) ( )

( ) ( )

q x q x
du dx C u dx C

v x v x
⇔ = + ⇔ = +∫ ∫ ∫ . 

ȼ ɢɬɨɝɟ ɩɨɥɭɱɚɟɦ ɨɛɳɟɟ ɪɟɲɟɧɢɟ: 

y uv= ; 

( ) ( )( )
( )

p x dx p x dxq x
y dx C v q x e dx C e

v

−⎛ ⎞ ⎛ ⎞∫ ∫= + = +⎜ ⎟⎜ ⎟ ⎝ ⎠⎝ ⎠∫ ∫ .   (11) 

 ɏɨɬɹ ɩɪɢ ɪɟɲɟɧɢɢ ɥɢɧɟɣɧɨɝɨ ɭɪɚɜɧɟɧɢɹ ɦɨɠɧɨ ɫɪɚɡɭ ɜɵɩɢɫɵɜɚɬɶ 

ɨɛɳɢɣ ɢɧɬɟɝɪɚɥ ɩɨ ɮɨɪɦɭɥɟ (11), ɩɪɟɞɫɬɚɜɥɹɟɬɫɹ ɩɨɥɟɡɧɵɦ ɩɪɨɫɥɟɞɢɬɶ ɧɚ 

ɩɪɢɦɟɪɟ ɜɫɸ ɰɟɩɨɱɤɭ ɜɵɤɥɚɞɨɤ, ɩɪɢɜɨɞɹɳɢɯ ɤ (11). 

 . Ɋɚɫɫɦɨɬɪɢɦ ɥɢɧɟɣɧɨɟ ɭɪɚɜɧɟɧɢɟ: 

1
y y x

x
′ + =  

ɧɚ ɢɧɬɟɪɜɚɥɟ (0, )+ ∞  ɫ ɧɚɱɚɥɶɧɵɦɢ ɭɫɥɨɜɢɹɦɢ 0 0( 3; 2)x y= = . 

Ɂɞɟɫɶ 
1

( ) ; ( )p x q x x
x

= = . ɉɨɥɚɝɚɟɦ:  

( ) ( ) ( );y x u x v x y u v uv′ ′ ′= = + . 

ɉɨɞɫɬɚɜɥɹɟɦ ɜ ɭɪɚɜɧɟɧɢɟ ɜɵɪɚɠɟɧɢɹ ɞɥɹ y  ɢ y′ : 
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1
;u v uv uv x

x
′ ′+ + = . 

1
u v u v v x

x

⎡ ⎤′ ′+ + =⎢ ⎥⎣ ⎦
.                                   (12) 

ɇɚɤɥɚɞɵɜɚɟɦ ɧɚ v  ɭɫɥɨɜɢɟ: 
1

0;v v
x

′ + =  ɬɨɝɞɚ 

1 1 1
; ; ;

dv dv dv
v dx dx

dx x v x v x
= − = − = −∫ ∫  ln lnv x= − , ɢ ɦɨɠ-

ɧɨ ɜɵɛɪɚɬɶ 
1

v
x

= . ɉɨɞɫɬɚɜɥɹɟɦ v  ɜ (12) ɢ ɭɱɢɬɵɜɚɟɦ, ɱɬɨ, ɜ ɫɨɨɬɜɟɬɫɬ-

ɜɢɢ ɫ ɜɵɛɨɪɨɦ ɮɭɧɤɰɢɢ v , ɜɵɪɚɠɟɧɢɟ ɜ ɤɜɚɞɪɚɬɧɵɯ ɫɤɨɛɤɚɯ ɬɨɠɞɟɫɬɜɟɧ-

ɧɨ ɪɚɜɧɨ ɧɭɥɸ: 

2 2 21
; ; ; ;

du
u x x du x dx du x dx

x dx
′ = = = =∫ ∫   

3

3

x
u C= + . 

Ɏɭɧɤɰɢɹ  

3 1

3

x
y uv C

x

⎛ ⎞
= = +⎜ ⎟

⎝ ⎠
 

ɹɜɥɹɟɬɫɹ ɨɛɳɢɦ ɪɟɲɟɧɢɟɦ. 

 ɇɚɣɞɟɦ ɱɚɫɬɧɨɟ ɪɟɲɟɧɢɟ ɡɚɞɚɱɢ Ʉɨɲɢ. ɉɨɞɫɬɚɜɢɦ ɞɥɹ ɷɬɨɝɨ ɧɚɱɚɥɶ-

ɧɵɟ ɭɫɥɨɜɢɹ ɜ ɨɛɳɟɟ ɪɟɲɟɧɢɟ ɢ ɧɚɣɞɟɦ ɫɨɨɬɜɟɬɫɬɜɭɸɳɟɟ ɡɧɚɱɟɧɢɟ ɤɨɧ-

ɫɬɚɧɬɵ C : 

1
2 (9 ) ; 3.

3
C C= + ⋅ = −  

ɉɨɞɫɬɚɜɢɜ ɧɚɣɞɟɧɧɨɟ ɡɧɚɱɟɧɢɟ C  ɜ ɨɛɳɟɟ ɪɟɲɟɧɢɟ, ɩɨɥɭɱɚɟɦ ɪɟɲɟɧɢɟ ɡɚ-

ɞɚɱɢ Ʉɨɲɢ: 
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3 1
3

3

x
y

x

⎛ ⎞
= −⎜ ⎟
⎝ ⎠

. 

 

7. ,    

7.1.   
( )

( )
ny f x=  

Ɋɟɲɟɧɢɟ ɭɪɚɜɧɟɧɢɹ ɨɡɧɚɱɚɟɬ ɨɬɵɫɤɚɧɢɟ ɮɭɧɤɰɢɢ ɩɨ ɟɟ ɩɪɨɢɡɜɨɞɧɨɣ 

n-ɝɨ ɩɨɪɹɞɤɚ. 

ɉɪɢ ɤɚɠɞɨɦ ɢɧɬɟɝɪɢɪɨɜɚɧɢɢ ɩɪɨɢɡɜɨɞɧɨɣ ɟɟ ɩɨɪɹɞɨɤ ɧɚ  

ɟɞɢɧɢɰɭ ɩɨɧɢɠɚɟɬɫɹ: ( ) ( 1)k ky dx y C−= +∫ . 

ɂɧɬɟɝɪɢɪɭɹ ɩɨɫɥɟɞɨɜɚɬɟɥɶɧɨ n ɪɚɡ, ɩɨɥɭɱɚɟɦ (ɩɪɢ ɤɚɠɞɨɦ ɢɧɬɟɝɪɢ-

ɪɨɜɚɧɢɢ ɞɨɛɚɜɥɹɟɬɫɹ ɨɱɟɪɟɞɧɚɹ ɩɪɨɢɡɜɨɥɶɧɚɹ ɩɨɫɬɨɹɧɧɚɹ): 

( 1)
1 1 1( ) ( )ny f x dx C f x C− = + = +∫ ; 

( )( 2) ( 1)
2 1 1 2( )n ny y dx C f x C dx C− −= + = + +∫ ∫ ; 

… 

( )1 1( )n n n ny y dx C f x C dx C− −′= + = + +∫ ∫ . 

Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, ɧɚɣɞɟɧɧɚɹ ɮɭɧɤɰɢɹ y , ɜ ɫɨɨɬɜɟɬɫɬɜɢɢ ɫ ɨɩɪɟɞɟɥɟɧɢɟɦ 

ɨɛɳɟɝɨ ɪɟɲɟɧɢɹ, ɡɚɜɢɫɢɬ ɨɬ n ɩɪɨɢɡɜɨɥɶɧɵɯ ɩɨɫɬɨɹɧɧɵɯ. 

 . Ⱦɥɹ ɭɪɚɜɧɟɧɢɹ ɬɪɟɬɶɟɝɨ ɩɨɪɹɞɤɚ (3) xy e=  ɧɚɣɞɟɦ ɨɛɳɟɟ 

ɪɟɲɟɧɢɟ, ɚ ɡɚɬɟɦ ɱɚɫɬɧɨɟ ɪɟɲɟɧɢɟ, ɭɞɨɜɥɟɬɜɨɪɹɸɳɟɟ ɧɚɱɚɥɶɧɵɦ ɭɫɥɨɜɢɹɦ  

0 0 0 0( 1; 2; 3; 0)x y y y′ ′′= = = − = . 

 ɉɨɫɥɟɞɨɜɚɬɟɥɶɧɵɟ ɢɧɬɟɝɪɢɪɨɜɚɧɢɹ ɞɚɸɬ: 

1
x xy e dx e C′′ = = +∫ ; ГУ
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1 1 2( )x xy e C dx e C x C′ = + = + +∫ ; 

2

1 2 1 2 3( )
2

x x x
y e C x C dx e C C x C= + + = + + +∫  — ɨɛɳɟɟ ɪɟɲɟ-

ɧɢɟ. 

ɉɨɞɫɬɚɜɥɹɹ ɧɚɱɚɥɶɧɵɟ ɭɫɥɨɜɢɹ ɜ ɩɨɥɭɱɟɧɧɵɟ ɜɵɪɚɠɟɧɢɹ ɞɥɹ 

, ,y y y′ ′′ , ɩɨɥɭɱɚɟɦ ɫɢɫɬɟɦɭ ɬɪɟɯ ɥɢɧɟɣɧɵɯ ɭɪɚɜɧɟɧɢɣ ɫ ɬɪɟɦɹ ɧɟɢɡɜɟɫɬ-

ɧɵɦɢ 1 2 3, ,C C C : 

1

1 2

1
2 3

0,

3,

2.
2

e C

e C C

C
e C C

⎧
⎪ + =
⎪

+ + = −⎨
⎪

+ + + =⎪
⎩

   

Ɉɬɫɸɞɚ:  1 2 3; 3; 5
2

e
C e C C= − = − = − , ɬɚɤ ɱɬɨ ɪɟɲɟɧɢɟ ɡɚɞɚɱɢ Ʉɨ-

ɲɢ ɢɦɟɟɬ ɜɢɞ: 

2

3 5
2 2

x x e
y e e x= − − + − . 

 

7.2. ,      y 

 Ɋɚɫɫɦɨɬɪɢɦ ɭɪɚɜɧɟɧɢɟ ɜɬɨɪɨɝɨ ɩɨɪɹɞɤɚ ɜɢɞɚ ( , , ) 0F x y y′ ′′ = , ɧɟ 

ɫɨɞɟɪɠɚɳɟɟ ɹɜɧɨ ɢɫɤɨɦɭɸ ɮɭɧɤɰɢɸ y . 

ȼɜɟɞɟɦ ɧɨɜɭɸ ɧɟɢɡɜɟɫɬɧɭɸ ɮɭɧɤɰɢɸ ( ) ( )z x y x′= . Ɍɨɝɞɚ 

( ) ( )y y z x′′′ ′ ′= = , ɢ ɭɪɚɜɧɟɧɢɟ ɩɪɢɧɢɦɚɟɬ ɜɢɞ:  ( , , ) 0F x z z′ = . ɗɬɨ 

ɭɪɚɜɧɟɧɢɟ ɩɟɪɜɨɝɨ ɩɨɪɹɞɤɚ. ȿɫɥɢ ɧɚɣɞɟɧɨ ɟɝɨ ɨɛɳɟɟ ɪɟɲɟɧɢɟ ГУ
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1( , )z x Cϕ= , ɬɨ ɜɨɡɜɪɚɳɚɹɫɶ ɤ ɢɫɯɨɞɧɨɣ ɧɟɢɡɜɟɫɬɧɨɣ ɮɭɧɤɰɢɢ y , ɩɨɥɭ-

ɱɚɟɦ 1( , )y x Cϕ′ = , ɬɚɤ ɱɬɨ y  ɧɚɯɨɞɢɬɫɹ ɢɧɬɟɝɪɢɪɨɜɚɧɢɟɦ: 

( )2 1 2( ) ( , )y y x dx C x C dx Cϕ′= + = +∫ ∫ . 

 Ⱥɧɚɥɨɝɢɱɧɵɦ ɨɛɪɚɡɨɦ ɦɨɠɧɨ ɩɨɧɢɡɢɬɶ ɧɚ ɟɞɢɧɢɰɭ ɩɨɪɹɞɨɤ ɧɟ ɫɨ-

ɞɟɪɠɚɳɟɝɨ ɹɜɧɨ y  ɭɪɚɜɧɟɧɢɹ ( )( , , ,..., ) 0nF x y y y′ ′′ = . 

 . 
2

1

y x

y x

′′ +
=

′ +
. ɉɨɥɚɝɚɹ ,y z y z′ ′′ ′= = , ɩɪɢɯɨɞɢɦ ɤ ɭɪɚɜ-

ɧɟɧɢɸ ɫ ɪɚɡɞɟɥɹɸɳɢɦɢɫɹ ɩɟɪɟɦɟɧɧɵɦɢ ɨɬɧɨɫɢɬɟɥɶɧɨ ɧɨɜɨɣ ɧɟɢɡɜɟɫɬɧɨɣ 

ɮɭɧɤɰɢɢ z : 

1

2 2
; ;

1 1

2
; ln ln 1 .

1

z x dz x
dx

z x z x

dz x
dx z x x C

z x

′ + +
= =

+ +

+
= = + + +

+∫ ∫
 

Ɉɝɪɚɧɢɱɢɦɫɹ ɫɥɭɱɚɟɦ  ( 1, )x ∈ − + ∞ , 0z > , ɱɬɨ ɨɡɧɚɱɚɟɬ ɫɬɪɨɝɨɟ ɜɨɡ-

ɪɚɫɬɚɧɢɟ ɢɫɤɨɦɨɣ ɮɭɧɤɰɢɢ y  (ɬɚɤ ɤɚɤ  0y′ > ). Ɍɨɝɞɚ 

1 1ln( 1) ( 1)x x C x Cz e x e+ + + += = + , 

ɢɥɢ 

1( 1) x Cy x e +′ = + . 

ɇɚɤɨɧɟɰ, ɢɧɬɟɝɪɢɪɭɹ ɩɨ ɱɚɫɬɹɦ, ɩɨɥɭɱɚɟɦ ɨɛɳɟɟ ɪɟɲɟɧɢɟ: 

 

1 1
2( 1) x C x Cy x e dx xe C+ += + = +∫ . 
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7.3. ,      x 

 Ɋɚɫɫɦɨɬɪɢɦ ɭɪɚɜɧɟɧɢɟ ɜɬɨɪɨɝɨ ɩɨɪɹɞɤɚ ɜɢɞɚ ( , , ) 0F y y y′ ′′ = , ɧɟ 

ɫɨɞɟɪɠɚɳɟɟ ɹɜɧɨ ɧɟɡɚɜɢɫɢɦɭɸ ɩɟɪɟɦɟɧɧɭɸ x . 

Ȼɭɞɟɦ ɩɪɟɞɩɨɥɚɝɚɬɶ ( )y x  ɫɬɪɨɝɨ ɦɨɧɨɬɨɧɧɨɣ ɮɭɧɤɰɢɟɣ. Ɍɨɝɞɚ ɫɭ-

ɳɟɫɬɜɭɟɬ ɨɛɪɚɬɧɚɹ ɮɭɧɤɰɢɹ ( )x x y= , ɢ ɩɪɨɢɡɜɨɞɧɵɟ ,y y′ ′′  ɦɨɠɧɨ ɪɚɫ-

ɫɦɚɬɪɢɜɚɬɶ ɤɚɤ ɫɥɨɠɧɵɟ ɮɭɧɤɰɢɢ ɧɟɡɚɜɢɫɢɦɨɣ ɩɟɪɟɦɟɧɧɨɣ y : 

( ) ( ( )); ( ) ( ( ))y x y x y y x y x y′ ′ ′′ ′′= = . 

ȼɜɟɞɟɦ ɧɨɜɭɸ ɧɟɢɡɜɟɫɬɧɭɸ ɮɭɧɤɰɢɸ ( )y p y′ = . ɉɨ ɩɪɚɜɢɥɭ ɞɢɮ-

ɮɟɪɟɧɰɢɪɨɜɚɧɢɹ ɫɥɨɠɧɨɣ ɮɭɧɤɰɢɢ 

( ) ( )( ) ( ) ( ) ( ) ( )xx x y xxx
y y p y p y y x p y p y′ ′′′ ′ ′ ′ ′= = = = , 

ɬɚɤ ɱɬɨ ɢɫɯɨɞɧɨɟ ɭɪɚɜɧɟɧɢɟ ɜɬɨɪɨɝɨ ɩɨɪɹɞɤɚ ɩɟɪɟɯɨɞɢɬ ɜ ɭɪɚɜɧɟɧɢɟ ɩɟɪɜɨ-

ɝɨ ɩɨɪɹɞɤɚ ɨɬɧɨɫɢɬɟɥɶɧɨ ɧɨɜɨɣ ɧɟɢɡɜɟɫɬɧɨɣ ɮɭɧɤɰɢɢ ( )p y : 

1( , ( ), ( )) 0F y p y p y′ = .                            (13) 

 ȿɫɥɢ ɧɚɣɞɟɧ ɨɛɳɢɣ ɢɧɬɟɝɪɚɥ ɭɪɚɜɧɟɧɢɹ (13) 

1( , , ) 0y p CΦ = , 

ɬɨ, ɡɚɦɟɧɹɹ ɜ ɧɟɦ p  ɧɚ y′ , ɩɪɢɯɨɞɢɦ ɤ ɭɪɚɜɧɟɧɢɸ ɩɟɪɜɨɝɨ ɩɨɪɹɞɤɚ ɨɬɧɨ-

ɫɢɬɟɥɶɧɨ ɢɫɯɨɞɧɨɣ ɧɟɢɡɜɟɫɬɧɨɣ ɮɭɧɤɰɢɢ ( )y x : 

1( , , ) 0y y C′Φ = . 

 Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, ɪɟɲɟɧɢɟ ɭɪɚɜɧɟɧɢɹ ɜɬɨɪɨɝɨ ɩɨɪɹɞɤɚ ɫɜɨɞɢɬɫɹ ɤ ɩɨ-

ɫɥɟɞɨɜɚɬɟɥɶɧɨɦɭ ɪɟɲɟɧɢɸ ɞɜɭɯ ɭɪɚɜɧɟɧɢɣ ɩɟɪɜɨɝɨ ɩɨɪɹɞɤɚ. 

 . Ɋɚɫɫɦɨɬɪɢɦ ɭɪɚɜɧɟɧɢɟ 2y y y′′ ′= . ɉɨɥɚɝɚɟɦ ( )y p y′ = ; 

ɬɨɝɞɚ 
dp

y p
dy

′′ = . ɂɫɯɨɞɧɨɟ ɭɪɚɜɧɟɧɢɟ ɩɪɟɨɛɪɚɡɭɟɬɫɹ ɤ ɜɢɞɭ: ГУ
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2dp
py p

dy
= . Ɉɝɪɚɧɢɱɢɜɚɹɫɶ ɫɥɭɱɚɟɦ 0p ≠ , ɩɨɥɭɱɚɟɦ ɭɪɚɜɧɟɧɢɟ ɫ ɪɚɡ-

ɞɟɥɹɸɳɢɦɢɫɹ ɩɟɪɟɦɟɧɧɵɦɢ: 

dp dy

p y
= . 

Ɉɬɤɭɞɚ  

1; ln ln
dp dy

p y C
p y

= = +∫ ∫ . 

ɉɪɨɢɡɜɨɥɶɧɭɸ ɤɨɧɫɬɚɧɬɭ ɢɧɬɟɝɪɢɪɨɜɚɧɢɹ ɭɞɨɛɧɨ ɡɚɩɢɫɚɬɶ ɜ ɜɢɞɟ 1ln C , 

ɩɨɫɤɨɥɶɤɭ ɥɨɝɚɪɢɮɦɢɱɟɫɤɚɹ ɮɭɧɤɰɢɹ ɩɪɢɧɢɦɚɟɬ ɜɫɟ ɡɧɚɱɟɧɢɹ ɨɬ −∞  ɞɨ 

+∞ . Ɍɨɝɞɚ 

1 1ln ln ln ln( )p y C C y= + = . 

1p C y= ± . 

ɉɨɫɤɨɥɶɤɭ ɡɞɟɫɶ ɩɨɫɬɨɹɧɧɵɣ ɦɧɨɠɢɬɟɥɶ ɩɪɢ y , ɡɚɩɢɫɚɧɧɵɣ ɜ ɜɢɞɟ 1C , 

ɩɪɢɧɢɦɚɟɬ, ɤɚɤ ɢ ɦɧɨɠɢɬɟɥɶ 1C± , ɜɫɟ ɜɟɳɟɫɬɜɟɧɧɵɟ ɡɧɚɱɟɧɢɹ, ɦɨɠɧɨ ɡɚ-

ɩɢɫɚɬɶ: 1p C y=  

ȼɨɡɜɪɚɳɚɟɦɫɹ ɤ ɢɫɯɨɞɧɨɣ ɧɟɢɡɜɟɫɬɧɨɣ ɮɭɧɤɰɢɢ y : 

1 1 1 1 2; ; ; ;
dy dy dy

y C y C y C dx C dx C
dx y y

′ = = = = +∫ ∫  

1 2ln y C x C= +  

— ɨɛɳɢɣ ɢɧɬɟɝɪɚɥ. 
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8.     

8.1.   

 . Ʌɢɧɟɣɧɵɦ ɭɪɚɜɧɟɧɢɟɦ ɜɬɨɪɨɝɨ ɩɨɪɹɞɤɚ ɧɚɡɵɜɚɟɬɫɹ 

ɭɪɚɜɧɟɧɢɟ ɜɢɞɚ: 

( ) ( ) ( )y p x y q x y f x′′ ′+ + =                             (14) 

ɫ ɧɟɩɪɟɪɵɜɧɵɦɢ ɧɚ ɢɧɬɟɪɜɚɥɟ ( , )a b  ɮɭɧɤɰɢɹɦɢ ,p q  ɢ f . 

 ɂɡ ɬɟɨɪɟɦɵ 2, ɩɪɢɜɟɞɟɧɧɨɣ ɧɚ ɫ. 6, ɫɥɟɞɭɟɬ, ɱɬɨ ɭɤɚɡɚɧɧɚɹ ɧɟɩɪɟɪɵɜ-

ɧɨɫɬɶ ɝɚɪɚɧɬɢɪɭɟɬ ɩɪɢ 0 ( , )x a b∈  ɫɭɳɟɫɬɜɨɜɚɧɢɟ ɢ ɟɞɢɧɫɬɜɟɧɧɨɫɬɶ ɪɟ-

ɲɟɧɢɹ ɡɚɞɚɱɢ Ʉɨɲɢ ɫ ɥɸɛɵɦɢ ɧɚɱɚɥɶɧɵɦɢ ɞɚɧɧɵɦɢ  

0 0 0( , ); ,x a b y y R′∈ ∈ . 

 . Ɉɞɧɨɪɨɞɧɵɦ ɥɢɧɟɣɧɵɦ ɭɪɚɜɧɟɧɢɟɦ ɜɬɨɪɨɝɨ ɩɨɪɹɞɤɚ 

ɧɚɡɵɜɚɟɬɫɹ ɭɪɚɜɧɟɧɢɟ ɫ ɧɭɥɟɜɨɣ ɩɪɚɜɨɣ ɱɚɫɬɶɸ: 

( ) ( ) 0y p x y q x y′′ ′+ + = .                             (15) 

 

8.2.      

 ɂɡ ɫɜɨɣɫɬɜ ɩɪɨɢɡɜɨɞɧɨɣ ɫɥɟɞɭɟɬ, ɱɬɨ ɞɥɹ ɥɸɛɵɯ ɮɭɧɤɰɢɣ 1 2,y y  ɢ 

ɥɸɛɵɯ ɜɟɳɟɫɬɜɟɧɧɵɯ ɱɢɫɟɥ ,λ µ :  

( )( ) ( ) ( )
1 2 1 2

n n ny y y yλ µ λ µ+ = + . 

Ɉɛɨɡɧɚɱɢɦ ɩɪɚɜɭɸ ɱɚɫɬɶ ɭɪɚɜɧɟɧɢɣ (14) ɢ (15)  ɱɟɪɟɡ ( )L y : 

( ) ( ) ( )L y y p x y q x y′′ ′= + + . 

 Ɍɨɝɞɚ ɷɬɢ ɭɪɚɜɧɟɧɢɹ ɩɪɢɧɢɦɚɸɬ ɜɢɞ ( ) ( )L y f x=   ɢ  ( ) 0L y =   ɫɨɨɬ-

ɜɟɬɫɬɜɟɧɧɨ. ɉɪɢ ɷɬɨɦ 

1 2 1 2( ) ( ) ( )L y y L y L yλ µ λ µ± = ± , ГУ
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  3: Еɫɥɢ ɮɭɧɤɰɢɢ 1( )y x  ɢ 2 ( )y x  ɹɜɥɹɸɬɫɹ ɪɟɲɟɧɢɹɦɢ ɨɞ-

ɧɨɪɨɞɧɨɝɨ ɥɢɧɟɣɧɨɝɨ ɭɪɚɜɧɟɧɢɹ (15), ɬɨ ɮɭɧɤɰɢɹ  1 2( ) ( )y x y xλ µ+   

ɬɚɤɠɟ ɹɜɥɹɟɬɫɹ ɟɝɨ ɪɟɲɟɧɢɟɦ. 

 . ɉɭɫɬɶ 1( ) 0L y =   ɢ  2( ) 0L y = . Ɍɨɝɞɚ 

1 2 1 2( ) ( ) ( ) 0 0 0L y y L y L yλ µ λ µ± = ± = ± = .   ▄ 

 

8.3.      

 Ɋɚɫɫɦɨɬɪɢɦ ɥɢɧɟɣɧɨɟ ɭɪɚɜɧɟɧɢɟ ɫ ɩɨɫɬɨɹɧɧɵɦɢ ɤɨɷɮɮɢɰɢɟɧɬɚɦɢ: 

( )y py qy f x′′ ′+ + =                                      (16) 

( p  ɢ q  – ɩɨɫɬɨɹɧɧɵɟ ɱɢɫɥɚ), ɢ ɫɨɨɬɜɟɬɫɬɜɭɸɳɟɟ ɟɦɭ ɨɞɧɨɪɨɞɧɨɟ ɭɪɚɜ-

ɧɟɧɢɟ 

0y py qy′′ ′+ + = .                                     (17) 

 

. Хɚɪɚɤɬɟɪɢɫɬɢɱɟɫɤɢɦ ɭɪɚɜɧɟɧɢɟɦ, ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɦ 

ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɨɦɭ ɭɪɚɜɧɟɧɢɸ (17), ɧɚɡɵɜɚɟɬɫɹ ɚɥɝɟɛɪɚɢɱɟɫɤɨɟ ɤɜɚɞɪɚɬ-

ɧɨɟ ɭɪɚɜɧɟɧɢɟ 

2 0z pz q+ + = .                                      (18) 

 Ɉɬɦɟɬɢɦ, ɱɬɨ ɜɬɨɪɨɣ ɩɪɨɢɡɜɨɞɧɨɣ y′′ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɨɝɨ ɭɪɚɜɧɟ-

ɧɢɹ ɫɨɨɬɜɟɬɫɬɜɭɟɬ ɜ ɯɚɪɚɤɬɟɪɢɫɬɢɱɟɫɤɨɦ ɭɪɚɜɧɟɧɢɢ 
2z . Ʉɨɷɮɮɢɰɢɟɧɬ ɩɪɢ 

ɩɟɪɜɨɣ ɩɪɨɢɡɜɨɞɧɨɣ y′  ɩɟɪɟɯɨɞɢɬ ɜ ɤɨɷɮɮɢɰɢɟɧɬ ɩɪɢ ɩɟɪɜɨɣ ɫɬɟɩɟɧɢ z . 

ɇɚɤɨɧɟɰ, ɤɨɷɮɮɢɰɢɟɧɬ ɩɪɢ y , ɬɨ ɟɫɬɶ ɩɪɢ ɩɪɨɢɡɜɨɞɧɨɣ ɧɭɥɟɜɨɝɨ ɩɨɪɹɞɤɚ, 

ɩɟɪɟɯɨɞɢɬ ɜ ɫɜɨɛɨɞɧɵɣ ɱɥɟɧ (ɤɨɷɮɮɢɰɢɟɧɬ ɩɪɢ ɧɭɥɟɜɨɣ ɫɬɟɩɟɧɢ z ). 

 . 1. Ⱦɥɹ ɥɢɧɟɣɧɨɝɨ ɨɞɧɨɪɨɞɧɨɝɨ ɭɪɚɜɧɟɧɢɹ 

3 10 0y y y′′ ′− − =  ɫɨɨɬɜɟɬɫɬɜɭɸɳɟɟ ɯɚɪɚɤɬɟɪɢɫɬɢɱɟɫɤɨɟ ɭɪɚɜɧɟɧɢɟ ɡɚ-

ɩɢɫɵɜɚɟɬɫɹ ɜ ɜɢɞɟ 2 3 10 0z z− − = . 
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 2. ɍɪɚɜɧɟɧɢɸ 2 0y y′′ ′+ =  ɫɨɨɬɜɟɬɫɬɜɭɟɬ ɯɚɪɚɤɬɟɪɢɫɬɢɱɟɫɤɨɟ 

ɭɪɚɜɧɟɧɢɟ 2 2 0z z+ = . 

 3. ɍɪɚɜɧɟɧɢɸ 7 0y y′′ + =  ɫɨɨɬɜɟɬɫɬɜɭɟɬ ɯɚɪɚɤɬɟɪɢɫɬɢɱɟɫɤɨɟ ɭɪɚɜ-

ɧɟɧɢɟ 2 7 0z + = . 

 Ɉɛɳɟɟ ɪɟɲɟɧɢɟ ɨɞɧɨɪɨɞɧɨɝɨ ɭɪɚɜɧɟɧɢɹ (17) ɦɨɠɧɨ ɩɨɥɭɱɢɬɶ, ɢɫɯɨ-

ɞɹ ɢɡ ɤɨɪɧɟɣ ɫɨɨɬɜɟɬɫɬɜɭɸɳɟɝɨ ɯɚɪɚɤɬɟɪɢɫɬɢɱɟɫɤɨɝɨ ɭɪɚɜɧɟɧɢɹ (17). Ɂɞɟɫɶ 

ɜɨɡɦɨɠɧɵ ɬɪɢ ɫɥɭɱɚɹ ɜ ɫɨɨɬɜɟɬɫɬɜɢɢ ɫ ɜɨɡɦɨɠɧɵɦ ɡɧɚɱɟɧɢɟɦ ɟɝɨ ɞɢɫɤɪɢ-

ɦɢɧɚɧɬɚ 2 4D p q= − . 

 

 .   . ɉɭɫɬɶ 0D > . ȼ ɷɬɨɦ 

ɫɥɭɱɚɟ ɭɪɚɜɧɟɧɢɟ (18) ɢɦɟɟɬ ɞɜɚ ɪɚɡɥɢɱɧɵɯ ɜɟɳɟɫɬɜɟɧɧɵɯ ɤɨɪɧɹ 1z  ɢ 2z : 

1,2
2 2

p D
z = − ± , 

ɱɬɨ ɫɨɨɬɜɟɬɫɬɜɭɟɬ ɪɚɡɥɨɠɟɧɢɸ ɤɜɚɞɪɚɬɧɨɝɨ ɬɪɟɯɱɥɟɧɚ ɧɚ ɦɧɨɠɢɬɟɥɢ ɫ ɜɟ-

ɳɟɫɬɜɟɧɧɵɦɢ ɤɨɷɮɮɢɰɢɟɧɬɚɦɢ: 

2
1 2( )( )z pz q z z z z+ + = − − . 

 Ɇɨɠɧɨ ɩɪɨɜɟɪɢɬɶ, ɱɬɨ ɜ ɷɬɨɦ ɫɥɭɱɚɟ ɨɛɳɟɟ ɪɟɲɟɧɢɟ ɨɞɧɨɪɨɞɧɨɝɨ ɭɪɚɜɧɟ-

ɧɢɹ (16) ɢɦɟɟɬ ɜɢɞ: 

1 2
1 2

z x z xy C e C e= + .                                  (19) 

 . 1. 3 18 0y y y′′ ′+ − = ; ɧɚɱɚɥɶɧɵɟ ɭɫɥɨɜɢɹ: 

0 0; (0) 1; (0) 5x y y′= = = − . ɋɨɨɬɜɟɬɫɬɜɭɸɳɟɟ ɯɚɪɚɤɬɟɪɢɫɬɢɱɟɫɤɨɟ 

ɭɪɚɜɧɟɧɢɟ: 2 3 18 0z z+ − = . Ⱦɢɫɤɪɢɦɢɧɚɧɬ 81D = . Ʉɨɪɧɢ ɤɜɚɞɪɚɬɧɨ-

ɝɨ ɭɪɚɜɧɟɧɢɹ 1 26, 3z z= − = . Ɉɛɳɟɟ ɪɟɲɟɧɢɟ ɢɦɟɟɬ ɜɢɞ:  

6 3
1 2

x xy C e C e−= + . 
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 ɇɚɣɞɟɦ ɱɚɫɬɧɨɟ ɪɟɲɟɧɢɟ ɞɥɹ ɡɚɞɚɱɢ Ʉɨɲɢ. 

 Ⱦɢɮɮɟɪɟɧɰɢɪɭɟɦ ɨɛɳɟɟ ɪɟɲɟɧɢɟ: 6 3
1 26 3x xy C e C e−′ = − + . ɉɨɞ-

ɫɬɚɜɥɹɟɦ ɧɚɱɚɥɶɧɵɟ ɭɫɥɨɜɢɹ ɜ y  ɢ y′  (ɭɱɢɬɵɜɚɹ, ɱɬɨ 0 1e = ): 

1 2

1 2

1,

6 3 5.

C C

C C

+ =⎧
⎨

− + = −⎩
 

Ɋɟɲɚɹ ɷɬɭ ɫɢɫɬɟɦɭ, ɩɨɥɭɱɚɟɦ: 1 2

8 1
;

9 9
C C= = . ɋɨɨɬɜɟɬɫɬɜɭɸɳɟɟ ɪɟɲɟɧɢɟ 

ɡɚɞɚɱɢ Ʉɨɲɢ: 
6 38 1

9 9

x xy e e−= + . 

 2. 2 0y y′′ ′+ = . ɏɚɪɚɤɬɟɪɢɫɬɢɱɟɫɤɨɟ ɭɪɚɜɧɟɧɢɟ 2 2 0z z+ = ⇔  

( 2) 0z z + = . Ʉɨɪɧɢ ɤɜɚɞɪɚɬɧɨɝɨ ɭɪɚɜɧɟɧɢɹ 1 22, 0z z= − = . Ɉɛɳɟɟ 

ɪɟɲɟɧɢɟ ɢɦɟɟɬ ɜɢɞ: 
2

1 2
xy C e C−= + . 

 

 .    . ɉɭɫɬɶ 0D = . ȼ ɷɬɨɦ ɫɥɭɱɚɟ 

ɯɚɪɚɤɬɟɪɢɫɬɢɱɟɫɤɨɟ ɭɪɚɜɧɟɧɢɟ ɢɦɟɟɬ ɨɞɢɧ ɜɟɳɟɫɬɜɟɧɧɵɣ ɤɨɪɟɧɶ ɤɪɚɬɧɨ-

ɫɬɢ 2: 

1 2
2

p
z z= = − , 

ɱɬɨ ɫɨɨɬɜɟɬɫɬɜɭɟɬ ɪɚɡɥɨɠɟɧɢɸ ɤɜɚɞɪɚɬɧɨɝɨ ɬɪɟɯɱɥɟɧɚ ɧɚ ɦɧɨɠɢɬɟɥɢ ɫ ɜɟ-

ɳɟɫɬɜɟɧɧɵɦɢ ɤɨɷɮɮɢɰɢɟɧɬɚɦɢ: 

2 2
1( )z pz q z z+ + = − . 

Ɇɨɠɧɨ ɩɪɨɜɟɪɢɬɶ, ɱɬɨ ɜ ɷɬɨɦ ɫɥɭɱɚɟ ɨɛɳɟɟ ɪɟɲɟɧɢɟ ɨɞɧɨɪɨɞɧɨɝɨ ɭɪɚɜɧɟ-

ɧɢɹ (17) ɢɦɟɟɬ ɜɢɞ: 

1 2
1 2

z x z xy C e C xe= + .                                  (20) ГУ
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 . 10 25 0y y y′′ ′− + = . ɋɨɨɬɜɟɬɫɬɜɭɸɳɟɟ ɯɚɪɚɤɬɟɪɢɫɬɢɱɟ-

ɫɤɨɟ ɭɪɚɜɧɟɧɢɟ 2 10 25 0z z− + = . Ⱦɢɫɤɪɢɦɢɧɚɧɬ 0D = . Ʉɪɚɬɧɵɣ ɤɨ-

ɪɟɧɶ ɤɜɚɞɪɚɬɧɨɝɨ ɭɪɚɜɧɟɧɢɹ 1 2 5z z= = . Ɉɛɳɟɟ ɪɟɲɟɧɢɟ ɢɦɟɟɬ ɜɢɞ: 

5 5
1 2

x xy C e C xe= + . 

 

 .   . ɉɭɫɬɶ 0D < . ȼ ɷɬɨɦ 

ɫɥɭɱɚɟ ɭɪɚɜɧɟɧɢɟ (17) ɢɦɟɟɬ ɞɜɚ ɪɚɡɥɢɱɧɵɯ ɤɨɦɩɥɟɤɫɧɵɯ ɤɨɪɧɹ 1z  ɢ 2z , 

ɤɨɬɨɪɵɟ ɡɚɞɚɸɬɫɹ ɮɨɪɦɭɥɨɣ: 

1,2z iα β= ± , ɝɞɟ ,
2 2

Dp
α β

−
= = . 

Ʉ ɷɬɢɦ ɡɧɚɱɟɧɢɹɦ ɦɨɠɧɨ ɩɪɢɞɬɢ, ɢɫɩɨɥɶɡɭɹ ɮɨɪɦɚɥɶɧɨ ɜɵɪɚɠɟɧɢɟ 

ɞɥɹ ɤɨɪɧɟɣ, ɩɨɥɭɱɟɧɧɨɟ ɜ ɫɥɭɱɚɟ ɩɨɥɨɠɢɬɟɥɶɧɨɝɨ ɞɢɫɤɪɢɦɢɧɚɧɬɚ, ɢ ɩɨɦɧɹ, 

ɱɬɨ i  ɨɛɨɡɧɚɱɚɟɬ «ɦɧɢɦɭɸ ɟɞɢɧɢɰɭ» — ɤɨɦɩɥɟɤɫɧɨɟ ɱɢɫɥɨ, ɞɥɹ ɤɨɬɨɪɨɝɨ 

2 1i = − : 

1,2

( 1)
1

2 2 2 2 2

D Dp D p p
z

⋅ −− ± − −
= = ± = ± ⋅ − =  

2 2

Dp
i

−
= ± . 

Ɇɨɠɧɨ ɩɪɨɜɟɪɢɬɶ, ɱɬɨ ɜ ɷɬɨɦ ɫɥɭɱɚɟ ɨɛɳɟɟ ɪɟɲɟɧɢɟ ɨɞɧɨɪɨɞɧɨɝɨ ɭɪɚɜɧɟ-

ɧɢɹ (17) ɢɦɟɟɬ ɜɢɞ: 

1 2cos sinx xy C e x C e xα αβ β= + .                     (21) 

 

. 1. 12 40 0y y y′′ ′− + = . ɋɨɨɬɜɟɬɫɬɜɭɸɳɟɟ ɯɚɪɚɤɬɟɪɢ-

ɫɬɢɱɟɫɤɨɟ ɭɪɚɜɧɟɧɢɟ 2 12 40 0z z− + = . Ⱦɢɫɤɪɢɦɢɧɚɧɬ 16D = − . Ʉɨɪ-
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ɧɢ ɤɜɚɞɪɚɬɧɨɝɨ ɭɪɚɜɧɟɧɢɹ 1,2 6 2 ; 6, 2z i α β= ± = = . Ɉɛɳɟɟ ɪɟɲɟɧɢɟ 

ɢɦɟɟɬ ɜɢɞ: 
6 6

1 2cos2 sin 2x xy C e x C e x= + . 

2. 8 0y y′′ + = . ɋɨɨɬɜɟɬɫɬɜɭɸɳɟɟ ɯɚɪɚɤɬɟɪɢɫɬɢɱɟɫɤɨɟ ɭɪɚɜɧɟɧɢɟ 

2 8 0z + = . Ʉɨɪɧɢ ɤɜɚɞɪɚɬɧɨɝɨ ɭɪɚɜɧɟɧɢɹ 1,2 8 0 8 ;z i= ± − = ±  

0, 8= =α β . Ɉɛɳɟɟ ɪɟɲɟɧɢɟ ɢɦɟɟɬ ɜɢɞ: 
1 2cos 8 sin 8y C x C x= + . 

 ɇɚɣɞɟɦ ɱɚɫɬɧɨɟ ɪɟɲɟɧɢɟ ɞɥɹ ɡɚɞɚɱɢ Ʉɨɲɢ ɫ ɧɚɱɚɥɶɧɵɦɢ ɭɫɥɨɜɢɹɦɢ  

0 0; (0) 0; (0) 8x y y′= = = . Ⱦɢɮɮɟɪɟɧɰɢɪɭɟɦ ɨɛɳɟɟ ɪɟɲɟɧɢɟ: 

1 28 sin 8 8 cos 8y C x C x′ = − + . 

ɉɨɞɫɬɚɜɥɹɟɦ ɧɚɱɚɥɶɧɵɟ ɭɫɥɨɜɢɹ ɜ y  ɢ y′  (ɭɱɢɬɵɜɚɹ, ɱɬɨ 

cos0 1, sin 0 0= = ): 

1

2

0

8 8.

C

C

=⎧
⎨

=⎩
 

Ɉɬɫɸɞɚ ( )1 20; 1C C= = . ɋɨɨɬɜɟɬɫɬɜɭɸɳɟɟ ɱɚɫɬɧɨɟ ɪɟɲɟɧɢɟ 

sin 8y x= . 

 

8.4.       

 . Ⱦɥɹ ɥɢɧɟɣɧɨɝɨ ɭɪɚɜɧɟɧɢɹ ɜɬɨɪɨɝɨ ɩɨɪɹɞɤɚ 

( ) ( ) ( ) ( ) ( )y p x y q x y f x L y f x′′ ′+ + = ⇔ =  

ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɦ ɨɞɧɨɪɨɞɧɵɦ ɭɪɚɜɧɟɧɢɟɦ ɧɚɡɵɜɚɟɬɫɹ ɭɪɚɜɧɟɧɢɟ 

( ) ( ) 0 ( ) 0y p x y q x y L Y′′ ′+ + = ⇔ = . 

 Ɇɨɠɧɨ ɞɨɤɚɡɚɬɶ, ɱɬɨ ɨɬɧɨɫɢɬɟɥɶɧɨ ɫɬɪɭɤɬɭɪɵ ɨɛɳɟɝɨ ɪɟɲɟɧɢɹ ɧɟ-

ɨɞɧɨɪɨɞɧɨɝɨ ɥɢɧɟɣɧɨɝɨ ɭɪɚɜɧɟɧɢɹ ɫɩɪɚɜɟɞɥɢɜɚ  ɫɥɟɞɭɸɳɚɹ ГУ
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  4. Ɉɛɳɟɟ ɪɟɲɟɧɢɟ ɧɟɨɞɧɨɪɨɞɧɨɝɨ ɭɪɚɜɧɟɧɢɹ ɨɧy  ɩɪɟɞɫɬɚ-

ɜɢɦɨ ɫɭɦɦɨɣ ɨɛɳɟɝɨ ɪɟɲɟɧɢɹ ɫɨɨɬɜɟɬɫɬɜɭɸɳɟɝɨ ɨɞɧɨɪɨɞɧɨɝɨ ɭɪɚɜɧɟɧɢɹ 

ɨɨy  ɢ ɱɚɫɬɧɨɝɨ ɪɟɲɟɧɢɹ ɧɟɨɞɧɨɪɨɞɧɨɝɨ ɭɪɚɜɧɟɧɢɹ ɱɧy :  

ɨɧ ɨɨ ɱɧy y y= + . 

. ɉɨɫɤɨɥɶɤɭ 

ɨɨ ɱɧ ɨɨ ɱɧ( ) ( ) ( ) 0 ( ) ( )L y y L y L y f x f x+ = + = + = , 

ɬɨ ɨɧy  ɞɟɣɫɬɜɢɬɟɥɶɧɨ ɹɜɥɹɟɬɫɹ ɪɟɲɟɧɢɟɦ ɧɟɨɞɧɨɪɨɞɧɨɝɨ ɭɪɚɜɧɟɧɢɹ. Ⱦɚ-

ɥɟɟ, ɨɧy  ɡɚɜɢɫɢɬ ɨɬ ɩɪɨɢɡɜɨɥɶɧɵɯ ɩɨɫɬɨɹɧɧɵɯ 1C  ɢ 2C , ɩɨɫɤɨɥɶɤɭ ɨɬ ɧɢɯ 

ɡɚɜɢɫɢɬ ɮɭɧɤɰɢɹ ɨɨy . 

Ɉɫɬɚɟɬɫɹ ɭɛɟɞɢɬɶɫɹ, ɱɬɨ ɡɚ ɫɱɟɬ ɜɵɛɨɪɚ ɡɧɚɱɟɧɢɣ ɷɬɢɯ ɩɨɫɬɨɹɧɧɵɯ 

ɦɨɠɧɨ ɩɨɥɭɱɢɬɶ ɪɟɲɟɧɢɟ ɡɚɞɚɱɢ Ʉɨɲɢ ɫ ɥɸɛɵɦɢ ɧɚɩɟɪɟɞ ɡɚɞɚɧɧɵɦɢ ɧɚ-

ɱɚɥɶɧɵɦɢ ɭɫɥɨɜɢɹɦɢ 0 0 0 0( ) , ( )y x y y x y′ ′= = . ɉɨɫɤɨɥɶɤɭ ɨɨy  — ɨɛ-

ɳɟɟ ɪɟɲɟɧɢɟ ɫɨɨɬɜɟɬɫɬɜɭɸɳɟɝɨ ɨɞɧɨɪɨɞɧɨɝɨ ɭɪɚɜɧɟɧɢɹ, ɬɨ ɦɨɠɧɨ ɜɵ-

ɛɪɚɬɶ ɬɚɤɢɟ ɡɧɚɱɟɧɢɹ ɩɨɫɬɨɹɧɧɵɯ 1C  ɢ 2C , ɩɪɢ ɤɨɬɨɪɵɯ 

ɨɨ 0 0 ɱɧ 0( ) ( )y x y y x= − ; 

ɢ 

ɨɨ 0 0 ɱɧ 0( ) ( )y x y y x′ ′ ′= − . 

Ɍɨɝɞɚ ɞɥɹ ɮɭɧɤɰɢɢ ɨɧy  ɩɪɢ ɷɬɢɯ ɡɧɚɱɟɧɢɹɯ 1C  ɢ 2C : 

ɨɧ 0 ɨɨ 0 ɱɧ 0 0 ɱɧ 0 ɱɧ 0 0( ) ( ) ( ) ( ( )) ( )y x y x y x y y x y x y= + = − + =  

ɢ 

ɨɧ 0 ɨɨ 0 ɱɧ 0 0 ɱɧ 0 ɱɧ 0 0( ) ( ) ( ) ( ( )) ( )y x y x y x y y x y x y′ ′ ′ ′ ′ ′ ′= + = − + = .   ▄ 
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9.     

(  ) 

 Ɋɚɫɫɦɨɬɪɢɦ ɥɢɧɟɣɧɨɟ ɧɟɨɞɧɨɪɨɞɧɨɟ ɭɪɚɜɧɟɧɢɟ ɜɬɨɪɨɝɨ ɩɨɪɹɞɤɚ ɫ 

ɩɨɫɬɨɹɧɧɵɦɢ ɤɨɷɮɮɢɰɢɟɧɬɚɦɢ 

( )y py qy f x′′ ′+ + = . 

ɋɨɝɥɚɫɧɨ ɢɡɥɨɠɟɧɧɨɦɭ ɜ ɩ. 8.4, ɟɝɨ ɨɛɳɟɟ ɪɟɲɟɧɢɟ ɩɪɟɞɫɬɚɜɢɦɨ ɜ ɜɢɞɟ 

ɨɧ ɨɨ ɱɧy y y= + . Ɉɛɳɟɟ ɪɟɲɟɧɢɟ ɫɨɨɬɜɟɬɫɬɜɭɸɳɟɝɨ ɨɞɧɨɪɨɞɧɨɝɨ ɭɪɚɜ-

ɧɟɧɢɹ ɡɚɩɢɫɵɜɚɟɬɫɹ ɜ ɜɢɞɟ 

ɨɨ 1 1 2 2( ) ( )y C y x C y x= + .                          (22) 

ɫ ɩɪɨɢɡɜɨɥɶɧɵɦɢ ɩɨɫɬɨɹɧɧɵɦɢ 1 2,C C . Ɏɭɧɤɰɢɢ 1 2( ), ( )y x y x , ɜ ɡɚ-

ɜɢɫɢɦɨɫɬɢ ɨɬ ɤɨɪɧɟɣ ɯɚɪɚɤɬɟɪɢɫɬɢɱɟɫɤɨɝɨ ɭɪɚɜɧɟɧɢɹ, ɢɦɟɸɬ ɜɢɞ: 

(ɚ) 1 2
1 2,z x z xy e y e= =  — ɩɪɢ 0D > , 1 2z z≠ ; 

(ɛ) 1 1
1 2,z x z xy e y xe= =  — ɩɪɢ 0D = , 1 2z z= ; 

(ɜ) 1 2cos , sinx xy e x y e xα αβ β= =  — ɩɪɢ 0D < , 

      1,2z iα β= ± . 

 Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, ɨɫɬɚɟɬɫɹ ɧɚɣɬɢ ɤɚɤɨɟ-ɥɢɛɨ ɱɚɫɬɧɨɟ ɪɟɲɟɧɢɟ ɢɫɯɨɞ-

ɧɨɝɨ ɧɟɨɞɧɨɪɨɞɧɨɝɨ ɭɪɚɜɧɟɧɢɹ ɱɧy . Ɇɟɬɨɞ ɜɚɪɢɚɰɢɢ ɩɪɨɢɡɜɨɥɶɧɵɯ ɩɨ-

ɫɬɨɹɧɧɵɯ, ɩɪɟɞɥɨɠɟɧɧɵɣ Ʌɚɝɪɚɧɠɟɦ, ɩɪɟɞɩɨɥɚɝɚɟɬ ɨɬɵɫɤɚɧɢɟ ɱɧy  ɜ ɜɢɞɟ, 

ɚɧɚɥɨɝɢɱɧɨɦ (22), ɧɨ ɭɠɟ ɫ ɩɟɪɟɦɟɧɧɵɦɢ ɦɧɨɠɢɬɟɥɹɦɢ ɩɪɢ 1y  ɢ 2y : 

ɱɧ 1 1 2 2( ) ( ) ( ) ( )y C x y x C x y x= + . 

Ɂɞɟɫɶ 1 2( ), ( )C x C x  — ɩɨɞɥɟɠɚɳɢɟ ɨɩɪɟɞɟɥɟɧɢɸ ɧɟɢɡɜɟɫɬɧɵɟ ɮɭɧɤɰɢɢ. 

 ȼɵɱɢɫɥɢɦ ɩɪɨɢɡɜɨɞɧɵɟ ɱɚɫɬɧɨɝɨ ɪɟɲɟɧɢɹ (ɚɪɝɭɦɟɧɬ x  ɞɥɹ ɤɪɚɬɤɨ-

ɫɬɢ ɨɩɭɫɤɚɟɦ): 

ɱɧ 1 1 1 1 2 2 2 2y C y C y C y C y′ ′′ ′ ′= + + + . 
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ɇɚɥɨɠɢɦ ɧɚ ɮɭɧɤɰɢɢ 1 2,C C  ɭɫɥɨɜɢɟ: 

1 1 2 2 0C y C y′ ′+ = ;                                    (23) 

ɬɨɝɞɚ 

ɱɧ 1 1 2 2y C y C y′ ′ ′= + . 

Ⱦɢɮɮɟɪɟɧɰɢɪɭɟɦ ɩɨɜɬɨɪɧɨ: 

ɱɧ 1 1 1 1 2 2 2 2y C y C y C y C y′′ ′ ′ ′′ ′ ′ ′′= + + + . 

ɉɨɞɫɬɚɜɢɦ ɜɵɪɚɠɟɧɢɹ ɞɥɹ ɱɧ ɱɧ ɱɧ, ,y y y′ ′′  ɜ ɢɫɯɨɞɧɨɟ ɭɪɚɜɧɟɧɢɟ ɢ 

ɫɝɪɭɩɩɢɪɭɟɦ ɩɨ ɨɬɞɟɥɶɧɨɫɬɢ ɫɥɚɝɚɟɦɵɟ ɫ 1C  ɢ ɫ 2C : 

1 1 1 1 2 2 2 2 1 1 2 2( ) ( ) ( )C y py qy C y py qy C y C y f x′′ ′ ′′ ′ ′ ′ ′ ′+ + + + + + + = . 

Ɇɧɨɠɢɬɟɥɢ ɩɪɢ 1C  ɢ 2C  ɪɚɜɧɵ ɬɨɠɞɟɫɬɜɟɧɧɨ ɧɭɥɸ, ɩɨɫɤɨɥɶɤɭ ɮɭɧɤɰɢɢ 

1y  ɢ 2y  ɹɜɥɹɸɬɫɹ ɪɟɲɟɧɢɹɦɢ ɨɞɧɨɪɨɞɧɨɝɨ ɭɪɚɜɧɟɧɢɹ, ɬɚɤ ɱɬɨ 

1 1 2 2 ( )C y C y f x′ ′ ′ ′+ = .                                (24) 

ɋɨɨɬɧɨɲɟɧɢɹ (23) ɢ (24) ɞɚɸɬ ɫɢɫɬɟɦɭ ɞɜɭɯ ɭɪɚɜɧɟɧɢɣ ɨɬɧɨɫɢɬɟɥɶɧɨ ɧɟɢɡ-

ɜɟɫɬɧɵɯ  1 2,C C′ ′ : 

1 1 2 2

1 1 2 2

0,

( ).

C y C y

C y C y f x

⎧ ′ ′+ =⎪
⎨

′ ′′ ′+ =⎪⎩
                              (25) 

Ɋɟɲɚɹ ɷɬɭ ɫɢɫɬɟɦɭ, ɩɨɥɭɱɢɦ ɜɵɪɚɠɟɧɢɹ ɞɥɹ 1 2,C C′ ′  ɱɟɪɟɡ ɭɠɟ ɢɡɜɟɫɬɧɵɟ 

ɮɭɧɤɰɢɢ 1 2 1 2, , ,y y y y′ ′ , ɩɨɫɥɟ ɱɟɝɨ ɫɚɦɢ ɮɭɧɤɰɢɢ 1 2( ), ( )C x C x  ɧɚ-

ɯɨɞɹɬɫɹ ɢɧɬɟɝɪɢɪɨɜɚɧɢɟɦ. 

 ȼ ɤɚɱɟɫɬɜɟ ɢɬɨɝɚ ɫɮɨɪɦɭɥɢɪɭɟɦ ɚɥɝɨɪɢɬɦ ɪɟɲɟɧɢɹ ɧɟɨɞɧɨɪɨɞɧɨɝɨ 

ɭɪɚɜɧɟɧɢɹ ɦɟɬɨɞɨɦ ɜɚɪɢɚɰɢɢ ɩɪɨɢɡɜɨɥɶɧɵɯ ɩɨɫɬɨɹɧɧɵɯ: 

1. Ɋɟɲɟɧɢɟ ɫɨɨɬɜɟɬɫɬɜɭɸɳɟɝɨ ɨɞɧɨɪɨɞɧɨɝɨ ɭɪɚɜɧɟɧɢɹ, ɩɨɥɭɱɟɧɢɟ 

ɮɭɧɤɰɢɣ 1 2,y y . 
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2. Ɂɚɩɢɫɶ ɨɛɳɟɝɨ ɪɟɲɟɧɢɹ ɫɨɨɬɜɟɬɫɬɜɭɸɳɟɝɨ ɨɞɧɨɪɨɞɧɨɝɨ ɭɪɚɜɧɟ-

ɧɢɹ ɜ ɜɢɞɟ ɨɨ 1 1 2 2( ) ( )y C y x C y x= + . 

3. ȼɵɱɢɫɥɟɧɢɟ ɩɪɨɢɡɜɨɞɧɵɯ 1 2,y y′ ′ . 

4. Ɂɚɩɢɫɶ ɫɢɫɬɟɦɵ (25) ɞɥɹ ɨɬɵɫɤɚɧɢɹ 1 2,C C′ ′ . 

5. Ɋɟɲɟɧɢɟ ɫɢɫɬɟɦɵ, ɩɨɥɭɱɟɧɢɟ ɮɭɧɤɰɢɣ 1 2,C C′ ′ . 

6. ɇɚɯɨɠɞɟɧɢɟ ɤɚɤɢɯ-ɥɢɛɨ ɩɟɪɜɨɨɛɪɚɡɧɵɯ 1 2( ), ( )C x C x  ɢɧɬɟɝɪɢ-

ɪɨɜɚɧɢɟɦ ɮɭɧɤɰɢɣ 1 2,C C′ ′ . 

7. Ɂɚɩɢɫɶ ɱɚɫɬɧɨɝɨ ɪɟɲɟɧɢɹ ɧɟɨɞɧɨɪɨɞɧɨɝɨ ɭɪɚɜɧɟɧɢɹ ɜ ɜɢɞɟ 

ɱɧ 1 1 2 2( ) ( ) ( ) ( )y C x y x C x y x= + . 

8. Ɂɚɩɢɫɶ ɨɛɳɟɝɨ ɪɟɲɟɧɢɹ ɧɟɨɞɧɨɪɨɞɧɨɝɨ ɭɪɚɜɧɟɧɢɹ: 

             ɨɧ ɨɨ ɱɧy y y= + . 

 . Ɋɟɲɢɦ ɦɟɬɨɞɨɦ ɜɚɪɢɚɰɢɢ ɩɪɨɢɡɜɨɥɶɧɵɯ ɩɨɫɬɨɹɧɧɵɯ ɭɪɚɜ-

ɧɟɧɢɟ 2y y x′′ ′+ = . ɋɥɟɞɭɹ ɚɥɝɨɪɢɬɦɭ, ɩɨɫɥɟɞɨɜɚɬɟɥɶɧɨ ɩɨɥɭɱɚɟɦ: 

 1. 2 0y y′′ ′+ = ; 
2 2 0z z+ = ; 1 22, 0z z= − = ; 

2
1 2; 1xy e y−= = . 

2. 
2

1 2
x

ɨɨy C e C−= + . 

 3. 
2

1 22 ; 0xy e y−′ ′= − = . 

4. 

2
1 2

2
1

1 0

( 2 ) 0 .

x

x

C e C

C e x

−

−

⎧ ′ ′+ ⋅ =⎪
⎨

′ − + =⎪⎩
 

5. 
2

1 2

1 1
;

2 2

xC xe C x′ ′= − = . 

6. ɂɧɬɟɝɪɢɪɭɹ ɩɨ ɱɚɫɬɹɦ, ɢɦɟɟɦ:  ГУ
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2 2 2
1

1 1 1 1
( )

2 2 2 4

x x xC x xe dx xe e
⎛ ⎞

= − = − − =⎜ ⎟
⎝ ⎠∫  

2 2 21 1 1 1

4 8 4 8

x x xxe e e x
⎛ ⎞

= − + = − +⎜ ⎟
⎝ ⎠

. 

2
2

1 1
( )

2 4
C x xdx x= =∫ . 

7. 
2 2 2 2

ɱɧ
1 1 1 1 1 1

1
4 8 4 4 4 8

x xy e x e x x x−⎛ ⎞
= − + + ⋅ = − +⎜ ⎟

⎝ ⎠
. 

8. ɨɧ ɨɨ ɱɧy y y= + = 2
1 2

xC e C− + + 21 1 1

4 4 8
x x− + . 

 

10.    

ɗɬɨ ɦɟɬɨɞ ɨɬɵɫɤɚɧɢɹ ɱɚɫɬɧɨɝɨ ɪɟɲɟɧɢɹ ɥɢɧɟɣɧɨɝɨ ɧɟɨɞɧɨɪɨɞɧɨɝɨ 

ɭɪɚɜɧɟɧɢɹ ɫ ɩɨɫɬɨɹɧɧɵɦɢ ɤɨɷɮɮɢɰɢɟɧɬɚɦɢ 

( )y py qy f x′′ ′+ + =  

ɜ ɫɥɭɱɚɟ, ɤɨɝɞɚ ɩɪɚɜɚɹ ɱɚɫɬɶ ( )f x  ɢɦɟɟɬ ɫɩɟɰɢɚɥɶɧɵɣ ɜɢɞ, ɫɚɦɚɹ ɨɛɳɚɹ 

ɡɚɩɢɫɶ ɤɨɬɨɪɨɝɨ: 

( )( ) ( )cos ( )sinx
m nf x e P x x Q x xα β β= + ,                (26) 

ɝɞɟ  ( ), ( )m nP x Q x  — ɦɧɨɝɨɱɥɟɧɵ ɫɬɟɩɟɧɢ m  ɢ n  ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ: 

1
0 1 1( ) ...m m

m m mP x p x p x p x p−
−= + + + +  

1
0 1 1( ) ...n n

n n nQ x q x q x q x q−
−= + + + + . 

ɍɤɚɠɟɦ ɯɚɪɚɤɬɟɪɧɵɟ ɱɚɫɬɧɵɟ ɫɥɭɱɚɢ ɮɭɧɤɰɢɢ (26). 

1. 0; 0α β= = . ȼ ɷɬɨɦ ɫɥɭɱɚɟ ɩɪɚɜɚɹ ɱɚɫɬɶ ( ) ( )mf x P x=  ɹɜɥɹɟɬɫɹ 

ɦɧɨɝɨɱɥɟɧɨɦ (ɩɨɫɤɨɥɶɤɭ 0 1; cos0 1, sin0 0e = = = ). ɇɚɩɪɢɦɟɪ: 
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1)  
23 4y py qy x′′ ′+ + = − ⇔  

0 2[(3 4)cos(0 ) 0sin(0 )]xy py qy e x x x′′ ′+ + = − + ; 

2) 3y py qy′′ ′+ + = − ⇔  

0 [ 3cos(0 ) 0sin(0 )]xy py qy e x x′′ ′+ + = − + . 

2. 0α = . ȼ ɷɬɨɦ ɫɥɭɱɚɟ ( ) ( )cos ( )sinm nf x P x x Q x xβ β= + . 

ɇɚɩɪɢɦɟɪ: 

3

4cos ;

3cos 7 sin .

y py qy x

y py qy x x x

′′ ′+ + =

′′ ′+ + = − +
 

3. 0; ( ) 1mP xβ = = . ȼ ɷɬɨɦ ɫɥɭɱɚɟ ( ) xf x eα= . ɇɚɩɪɢɦɟɪ: 

;

.

x

x

y py qy e

y py qy eπ

−′′ ′+ + =

′′ ′+ + =
 

4. ( ) 0nQ x = . ȼ ɷɬɨɦ ɫɥɭɱɚɟ ( ) ( )cosx
mf x e P x xα β= . ȼ ɱɚɫɬ-

ɧɨɫɬɢ, ɟɫɥɢ ɫɬɟɩɟɧɶ ɦɧɨɝɨɱɥɟɧɚ 0m = , ɬɨ ɦɧɨɝɨɱɥɟɧ ɹɜɥɹɟɬɫɹ ɩɨɫɬɨɹɧ-

ɧɵɦ ɱɢɫɥɨɦ: 0 0( ) 0P x p= ≠  

ɇɚɩɪɢɦɟɪ: 

9

2

8 cos ;

(5 1)cos12 .

x

x

y py qy e x

y py qy e x x

−′′ ′+ + = −

′′ ′+ + = +
 

5. ( ) 0mP x = .  ȼ ɷɬɨɦ ɫɥɭɱɚɟ ( ) ( )sinx
nf x e Q x xα β= . ɇɚɩɪɢ-

ɦɟɪ: 

2

sin 2 ;

(5 1)sin12 .x

y py qy x

y py qy e x x

′′ ′+ + =

′′ ′+ + = +
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 Ɋɚɫɫɦɨɬɪɢɦ ɤɨɦɩɥɟɤɫɧɨɟ ɱɢɫɥɨ r iα β= + , ɝɞɟ α  ɢ β  ɛɟɪɭɬɫɹ ɢɡ 

ɡɚɩɢɫɢ (26) ɩɪɚɜɨɣ ɱɚɫɬɢ ( )f x  ɧɟɨɞɧɨɪɨɞɧɨɝɨ ɭɪɚɜɧɟɧɢɹ. Ʉɨɪɧɢ ɯɚɪɚɤɬɟ-

ɪɢɫɬɢɱɟɫɤɨɝɨ ɭɪɚɜɧɟɧɢɹ 2 0z pz q+ + =  ɡɚɩɢɫɵɜɚɸɬɫɹ ɜ ɜɢɞɟ 

1,2
2 2

Dp
z i= − ± , 

ɝɞɟ D  — ɞɢɫɤɪɢɦɢɧɚɧɬ ɭɪɚɜɧɟɧɢɹ. 

  Ʉɪɚɬɧɨɫɬɶ k  ɱɢɫɥɚ r  ɤɚɤ ɤɨɪɧɹ ɯɚɪɚɤɬɟɪɢɫɬɢɱɟɫɤɨɝɨ ɭɪɚɜɧɟɧɢɹ  

ɦɨɠɟɬ ɢɦɟɬɶ ɨɞɧɨ ɢɡ ɬɪɟɯ ɡɧɚɱɟɧɢɣ: 

1) 0k = ; ɷɬɨ ɨɡɧɚɱɚɟɬ, ɱɬɨ r  ɧɟ ɹɜɥɹɟɬɫɹ ɤɨɪɧɟɦ ɯɚɪɚɤɬɟɪɢɫɬɢɱɟɫɤɨɝɨ 

ɭɪɚɜɧɟɧɢɹ; 

2) 1k = ; ɷɬɨ ɨɡɧɚɱɚɟɬ, ɱɬɨ r  ɹɜɥɹɟɬɫɹ ɩɪɨɫɬɵɦ ɤɨɪɧɟɦ ɯɚɪɚɤɬɟɪɢɫɬɢɱɟ-

ɫɤɨɝɨ ɭɪɚɜɧɟɧɢɹ; ɩɪɢ ɷɬɨɦ ɞɢɫɤɪɢɦɢɧɚɧɬ ɭɪɚɜɧɟɧɢɹ D  ɨɬɥɢɱɟɧ ɨɬ ɧɭɥɹ; 

3) 2k = , ɬɨ ɟɫɬɶ r  — ɤɪɚɬɧɵɣ ɤɨɪɟɧɶ; ɩɨɫɥɟɞɧɟɟ ɜɨɡɦɨɠɧɨ ɜ ɬɨɦ ɢ ɬɨɥɶ-

ɤɨ ɬɨɦ ɫɥɭɱɚɟ, ɤɨɝɞɚ 0D = ; ɤɨɪɟɧɶ r  ɩɪɢ ɷɬɨɦ ɜɟɳɟɫɬɜɟɧɧɵɣ, ɬɚɤ ɤɚɤ ɟɝɨ 

ɦɧɢɦɚɹ ɱɚɫɬɶ 0
2

D
β = = . 

 ɇɚ ɩɪɚɤɬɢɤɟ ɞɥɹ ɨɩɪɟɞɟɥɟɧɢɹ ɤɪɚɬɧɨɫɬɢ k  ɧɭɠɧɨ ɪɟɲɢɬɶ (ɤɜɚɞɪɚɬ-

ɧɨɟ) ɯɚɪɚɤɬɟɪɢɫɬɢɱɟɫɤɨɟ ɭɪɚɜɧɟɧɢɟ ɢ ɫɪɚɜɧɢɬɶ ɟɝɨ ɤɨɪɧɢ ɫ ɱɢɫɥɨɦ r . 

 ɉɭɫɬɶ l  — ɦɚɤɫɢɦɚɥɶɧɚɹ ɢɡ ɫɬɟɩɟɧɟɣ m  ɢ n  ɦɧɨɝɨɱɥɟɧɨɜ mP  ɢ nQ  

ɜ ɡɚɩɢɫɢ ɩɪɚɜɨɣ ɱɚɫɬɢ (26). 

 Ɇɨɠɧɨ ɭɛɟɞɢɬɶɫɹ ɧɟɩɨɫɪɟɞɫɬɜɟɧɧɨɣ ɩɨɞɫɬɚɧɨɜɤɨɣ ɜ ɞɢɮɮɟɪɟɧɰɢ-

ɚɥɶɧɨɟ ɭɪɚɜɧɟɧɢɟ, ɱɬɨ ɮɭɧɤɰɢɹ 

ɱɧ ( ( )cos ( )sin )k x
l ly x e A x x B x xα β β= + ,                 (27) 

ɝɞɟ lA  ɢ lB  — ɦɧɨɝɨɱɥɟɧɵ ɫɬɟɩɟɧɢ l : 

1 2
0 1 2 1...l l l

l l lA a x a x a x a x a− −
−= + + + + + , 
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1 2
0 1 2 1...l l l

l l lB b x b x b x b x b− −
−= + + + + + , 

ɩɪɢ ɧɟɤɨɬɨɪɵɯ ɡɧɚɱɟɧɢɹɯ ɤɨɷɮɮɢɰɢɟɧɬɨɜ ,i ia b  ɷɬɢɯ ɦɧɨɝɨɱɥɟɧɨɜ ɹɜɥɹ-

ɟɬɫɹ ɱɚɫɬɧɵɦ ɪɟɲɟɧɢɟɦ ɧɟɨɞɧɨɪɨɞɧɨɝɨ ɭɪɚɜɧɟɧɢɹ. Ⱦɥɹ ɨɬɵɫɤɚɧɢɹ ɷɬɢɯ 

(ɧɟɨɩɪɟɞɟɥɟɧɧɵɯ ɜɧɚɱɚɥɟ) ɤɨɷɮɮɢɰɢɟɧɬɨɜ ɭ ɮɭɧɤɰɢɢ (27) ɜɵɱɢɫɥɹɸɬɫɹ 

ɩɟɪɜɚɹ ɢ ɜɬɨɪɚɹ ɩɪɨɢɡɜɨɞɧɵɟ; ɡɚɬɟɦ ɱɧ ɱɧ ɱɧ, ,y y y′ ′′  ɩɨɞɫɬɚɜɥɹɸɬɫɹ ɜ ɢɫ-

ɯɨɞɧɨɟ ɭɪɚɜɧɟɧɢɟ, ɩɨɫɥɟ ɱɟɝɨ ɩɪɢɪɚɜɧɢɜɚɸɬɫɹ ɤɨɷɮɮɢɰɢɟɧɬɵ ɩɪɢ ɨɞɢɧɚ-

ɤɨɜɵɯ ɮɭɧɤɰɢɹɯ-ɫɥɚɝɚɟɦɵɯ ɨɛɟɢɯ ɱɚɫɬɟɣ ɪɚɜɟɧɫɬɜɚ. ɗɬɨ ɞɚɟɬ ɫɢɫɬɟɦɭ 

ɭɪɚɜɧɟɧɢɣ ɞɥɹ ɨɬɵɫɤɚɧɢɹ ɤɨɷɮɮɢɰɢɟɧɬɨɜ ,i ia b . 

 ȼ ɢɬɨɝɟ ɨɬɵɫɤɚɧɢɟ ɱɚɫɬɧɨɝɨ ɪɟɲɟɧɢɹ ɩɪɨɜɨɞɢɬɫɹ ɩɨ ɫɥɟɞɭɸɳɟɦɭ ɚɥ-

ɝɨɪɢɬɦɭ: 

1. ɇɚɯɨɠɞɟɧɢɟ ɤɨɪɧɟɣ ɯɚɪɚɤɬɟɪɢɫɬɢɱɟɫɤɨɝɨ ɭɪɚɜɧɟɧɢɹ. 

2. Ɉɩɪɟɞɟɥɟɧɢɟ ɜɟɥɢɱɢɧ , , , ,m n lα β . 

3. ȼɵɹɜɥɟɧɢɟ ɤɪɚɬɧɨɫɬɢ k  ɱɢɫɥɚ iα β+  ɤɚɤ ɤɨɪɧɹ ɯɚɪɚɤɬɟɪɢɫɬɢɱɟ-

ɫɤɨɝɨ ɭɪɚɜɧɟɧɢɹ. 

4. Ɂɚɩɢɫɶ ɱɚɫɬɧɨɝɨ ɪɟɲɟɧɢɹ ɱɧy  ɜ ɜɢɞɟ (27) ɫ ɧɟɨɩɪɟɞɟɥɟɧɧɵɦɢ ɤɨ-

ɷɮɮɢɰɢɟɧɬɚɦɢ ɦɧɨɝɨɱɥɟɧɨɜ ,l lA B . 

5. ȼɵɱɢɫɥɟɧɢɟ ɩɪɨɢɡɜɨɞɧɵɯ  ɱɧ ɱɧ,y y′ ′′ . 

6. ɉɨɞɫɬɚɧɨɜɤɚ ɱɧ ɱɧ ɱɧ, ,y y y′ ′′  ɜ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɨɟ ɭɪɚɜɧɟɧɢɟ. 

7. ɉɪɢɪɚɜɧɢɜɚɧɢɟ ɤɨɷɮɮɢɰɢɟɧɬɨɜ ɩɪɢ ɨɞɢɧɚɤɨɜɵɯ ɮɭɧɤɰɢɹɯ ɜ ɨɛɟɢɯ 

ɱɚɫɬɹɯ ɪɚɜɟɧɫɬɜɚ. 

8. Ɋɟɲɟɧɢɟ ɩɨɥɭɱɢɜɲɟɣɫɹ ɫɢɫɬɟɦɵ ɭɪɚɜɧɟɧɢɣ, ɩɨɥɭɱɟɧɢɟ ɤɨɷɮɮɢɰɢ-

ɟɧɬɨɜ ɦɧɨɝɨɱɥɟɧɨɜ ,l lA B . 

9. Ɂɚɩɢɫɶ ɱɚɫɬɧɨɝɨ ɪɟɲɟɧɢɹ ɫ ɧɚɣɞɟɧɧɵɦɢ ɤɨɷɮɮɢɰɢɟɧɬɚɦɢ. 

ɉɨɫɥɟ ɷɬɨɝɨ ɦɨɠɧɨ ɡɚɩɢɫɚɬɶ ɨɛɳɟɟ ɪɟɲɟɧɢɟ ɜ ɜɢɞɟ 

ɨɧ ɨɨ ɱɧy y y= +  
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. 1. Ɋɚɫɫɦɨɬɪɢɦ ɭɪɚɜɧɟɧɢɟ 2 20 2y y x′′ ′+ = + .  

ȼɵɩɨɥɧɹɟɦ ɩɨɫɥɟɞɨɜɚɬɟɥɶɧɨ ɢɧɫɬɪɭɤɰɢɢ ɚɥɝɨɪɢɬɦɚ: 

1. 
2

1 22 0; 2; 0z z z z+ = = − = . Ɉɛɳɟɟ ɪɟɲɟɧɢɟ ɫɨɨɬɜɟɬɫɬɜɭɸɳɟɝɨ 

ɨɞɧɨɪɨɞɧɨɝɨ ɭɪɚɜɧɟɧɢɹ:  2 0 2
ɨɨ 1 2 1 2

x x xy C e C e C e C− −= + = + .  

2. ɇɚɯɨɞɢɦ ɩɚɪɚɦɟɬɪɵ ɩɪɚɜɨɣ ɱɚɫɬɢ:  

( )020 2 (20 2)cos(0 ) 0sin(0 ) ;xx e x x x+ = + +  

0; 0; 1; 0; 1.m n lα β= = = = =  

3. 0 0 0i iα β+ = + = ; ɤɪɚɬɧɨɫɬɶ 1k = . 

4. 
2

ɱɧ 1 0 1 0 1( ) ( )y xA x x a x a a x a x= = + = + . 

5. ɱɧ 0 1 ɱɧ 02 ; 2y a x a y a′ ′′= + = . 

6. ɉɨɞɫɬɚɜɥɹɟɦ ɜ ɭɪɚɜɧɟɧɢɟ: 0 0 12 2(2 ) 20 2a a x a x+ + = + . 

7. 0 0 14 2( ) 20 2a x a a x+ + = + ; 

8. 
0

0 1

4 20

2( ) 2

a

a a

=⎧
⎨

+ =⎩
; 0 15; 4a a= = − . 

9. 
2

ɱɧ (5 4) 5 4y x x x x= − = − . 

Ɉɛɳɟɟ ɪɟɲɟɧɢɟ ɧɟɨɞɧɨɪɨɞɧɨɝɨ ɭɪɚɜɧɟɧɢɹ: 

2 2
ɨɨ 1 2 5 4xy C e C x x−= + + − . 

 

2. Ɋɚɫɫɦɨɬɪɢɦ ɭɪɚɜɧɟɧɢɟ 

( )6 210 21 3 4 2xy y y e x x′′ ′− + = − + + . 

ȼɵɩɨɥɧɹɟɦ ɩɨɫɥɟɞɨɜɚɬɟɥɶɧɨ ɢɧɫɬɪɭɤɰɢɢ ɚɥɝɨɪɢɬɦɚ: ГУ
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1. 
2

1 210 21 0; 3; 7z z z z− + = = = . Ɉɛɳɟɟ ɪɟɲɟɧɢɟ ɫɨɨɬɜɟɬɫɬɜɭɸ-

ɳɟɝɨ ɨɞɧɨɪɨɞɧɨɝɨ ɭɪɚɜɧɟɧɢɹ:  3 7
ɨɨ 1 2

x xy C e C e= + .  

2. ɇɚɯɨɞɢɦ ɩɚɪɚɦɟɬɪɵ ɩɪɚɜɨɣ ɱɚɫɬɢ:  

( ) ( )( )6 2 6 23 4 2 3 4 2 cos(0 ) 0sin(0 ) ;x xe x x e x x x x− + + = − + + +  

6; 0; 2; 0; 2.m n lα β= = = = =  

3. 6 0 6i iα β+ = + = ; ɤɪɚɬɧɨɫɬɶ 0k = . 

4. ( )0 6 6 2
ɱɧ 2 0 1 2( )x xy x e A x e a x a x a= = + + ; 

5. ( ) ( )6 2 6
ɱɧ 0 1 2 0 16 2x xy e a x a x a e a x a′ = + + + + =  

( )6 2
0 0 1 1 26 (2 6 ) ( 6 )xe a x a a x a a= + + + + ; 

( )6 2
ɱɧ 0 0 1 0 1 236 (24 36 ) (2 12 36 )xy e a x a a x a a a′′ = + + + + + . 

6. ɉɨɞɫɬɚɜɥɹɟɦ ɜ ɭɪɚɜɧɟɧɢɟ: 

( )6 2
0 0 1 0 1 236 (24 36 ) (2 12 36 )xe a x a a x a a a+ + + + + −  

( )6 2
0 0 1 1 210 6 (2 6 ) ( 6 )xe a x a a x a a− + + + + +  

( ) ( )6 2 6 2
0 1 221 3 4 2x xe a x a x a e x x+ + + = − + + . 

7. ɉɪɢɜɨɞɢɦ ɩɨɞɨɛɧɵɟ ɱɥɟɧɵ ɢ ɩɪɢɪɚɜɧɢɜɚɟɦ ɤɨɷɮɮɢɰɢɟɧɬɵ ɩɪɢ 
2 6xx e , 

ɩɪɢ 
6xxe  ɢ ɩɪɢ 

6xe : 

 

0

0 1

0 1 2

3 3

4 3 4

2 2 3 2.

a

a a

a a a

− = −⎧
⎪

− =⎨
⎪ + − =⎩
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8. Ɋɟɲɚɟɦ ɫɢɫɬɟɦɭ: 0 1 21; 0; 0a a a= = = . 

9. ( )6 2 2 6
ɱɧ 0 0x xy e x x x e= + + = . 

Ɉɛɳɟɟ ɪɟɲɟɧɢɟ ɧɟɨɞɧɨɪɨɞɧɨɝɨ ɭɪɚɜɧɟɧɢɹ: 

3 7 2 6
ɨɨ 1 2

x x xy C e C e x e= + + . 

3. Ɋɚɫɫɦɨɬɪɢɦ ɭɪɚɜɧɟɧɢɟ 4 2cos 5siny y x x′′ + = − . 

1. 
2

1,24 0; 4 4 0 2z z i i+ = = ± − = ± = ± . Ɉɛɳɟɟ ɪɟɲɟɧɢɟ ɫɨɨɬ-

ɜɟɬɫɬɜɭɸɳɟɝɨ ɨɞɧɨɪɨɞɧɨɝɨ ɭɪɚɜɧɟɧɢɹ: 

( )0
ɨɨ 1 2 1 2cos2 sin 2 cos2 sin 2xy e C x C x C x C x= + = + . 

2. ɇɚɯɨɞɢɦ ɩɚɪɚɦɟɬɪɵ ɩɪɚɜɨɣ ɱɚɫɬɢ:  

( )0
0 02cos 5sin ( )cos ( )sinxx x e P x x Q x x− = + ; 

0; 1; 0; 0; 0m n lα β= = = = = . 

3. 0 1i iα β+ = + ; ɤɪɚɬɧɨɫɬɶ 0k = . 

4. ( )0 0
ɱɧ 0 0 0 0cos cos cos cosxy x e a x b x a x b x= + = + ; 

5. ɱɧ 0 0sin cosy a x b x′ = − + ; 

ɱɧ 0 0cos siny a x b x′′ = − − . 

6. ɉɨɞɫɬɚɜɥɹɟɦ ɜ ɭɪɚɜɧɟɧɢɟ: 

0 0 0 0cos sin 4( cos sin ) 2cos 5sina x b x a x b x x x− − + + = − ; 

0 03 cos 3 sin 2cos 5sina x b x x x+ = − . 

7. ɉɪɢɪɚɜɧɢɜɚɟɦ ɤɨɷɮɮɢɰɢɟɧɬɵ ɩɪɢ cos x  ɢ ɩɪɢ sin x : 

0

0

3 2

3 5.

a

b

=⎧
⎨

= −⎩
 

8. 0 0

2 5
;

3 3
a b= = − . 
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9. ɱɧ
2 5

cos sin
3 3

y x x= − . 

Ɉɛɳɟɟ ɪɟɲɟɧɢɟ ɧɟɨɞɧɨɪɨɞɧɨɝɨ ɭɪɚɜɧɟɧɢɹ: 

ɨɨ 1 2

2 5
cos2 sin 2 cos sin

3 3
y C x C x x x= + + − . 
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